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Teachers’ use of language in teaching mathematics in Basic Schools in Cape 
Coast, Ghana 
Alfred Ampah – Mensah 
University of Bristol 
In  this  paper,  I  present  the  initial  analysis  of  data  collected  on  how 
teachers  in  two  basic  schools  in  Cape  Coast  use  language  in  teaching 
mathematics to classes four and six pupils and why they use language the 
way they do. I present an overview of initial findings from classroom 
observations, semi formal interviews and stimulated recall interviews with 
three teachers. The data revealed that English is the preferred choice of 
language for classroom interaction despite pupils’ limited proficiency in 
the language. This was largely due to teachers’ perception that English 
was the language of mathematics and schooling in general.  
Keywords: Language/medium of instruction, mathematical language, 
classroom interaction and discourse 
Introduction 
According to Kaphesi (2001, 1), “teaching and learning mathematics is like teaching 
and learning a language in another language”. This assertion lends support to the 
notion that mathematics is a language (Lee 2006, Gutierrez 2002). Obviously, if one 
is fluent in a language and is being taught another language, it stands to reason that 
the  language  that  is  already  known  will  be  used  as  a  resource  to  teach  the  new 
language. But what happens if the learner is unfamiliar to the language being used to 
teach the new language; in this case – mathematics? Ghana’s language in education 
policy presents such a situation. The policy stipulates that teachers should use the 
local language and English where possible to teach all subjects including mathematics 
for the first three years of formal education with a complete switch to English as 
medium of instruction from the fourth year. Most pupils in Ghana, especially in the 
rural areas, rarely encounter English outside the school compound. Though pupils’ 
mother tongue may not be the language of the communities in which they dwell, they 
mostly  will  have  conversational  fluency  (Cummins  2000)  in  the  language  of  the 
community. Should teachers follow the stipulations of the policy, then they will not 
draw on the known language (pupils’ primary language) especially in upper basic 
(classes four upwards) to teach this new language (mathematics) but rather use an 
unfamiliar language (English) to teach this new language (mathematics). Thus, the 
teaching and learning of mathematics in English rather than the learners’ primary 
language or a language that the learner is familiar with becomes a very complex thing, 
which  drawing  from  Kaphesi,  could  be  likened  to  the  teaching  and  learning  of  a 
language in another language with a different language. This complex situation is the 
focus  of  the  study  –  to  explore  how  teachers  negotiated  their  way  through  this 
complexity and the reasons for the choices they made. 
Mathematical  language  consists  of  particular  ways  of  using  language  to 
express mathematical ideas (Lee 2006, Pimm 1987). Other writers like Halliday and 
Martin (1993) and Setati (2003) refer to it as the mathematics register, to reflect its 
dependence on natural language to express mathematical ideas.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Research context and participants 
Two basic schools in Cape Coast, one public and one private were selected for the 
research. It was anticipated that English would be exclusively used as medium of 
instruction in the private school whereas the local language would be mostly used in 
the public school (Ampiah, Davis, & Mankoe Undated). 
In Ghana’s education system, basic school comprises the first nine years of 
formal education; six years of primary education and three years of junior high school 
education. The basic school level was selected for this study because that is where the 
foundation is built and I envisaged that the language issue would be more visible 
there. Classes four and six were selected because they were transition points; class 
four being the point where the switch to English medium education was to take place 
and class six the transition from primary level to junior high school level. 
Mathematics teachers of classes four and six in these schools were the main 
participants  for  this  study  since  the  teacher  is  considered  as  a  mediator  and  a 
facilitator of pupils’ construction of knowledge (Khisty 1993). These classes were 
observed for teachers’ use of language. Though utterances of pupils in these classes 
were also recorded, they were viewed in relation to teacher elicitations. 
Methods of data collection and analysis 
Data for this study was collected through classroom observation using video 
and  audio  recordings.  Field  notes  were  also  taken.  The  videos  were  also  used  as 
stimulants to conduct stimulated recall interviews with the teachers to ascertain the 
reasons  behind  their  actions  in  the  lessons  observed.  These  teachers  were  also 
interviewed on various aspects of language use in the teaching of mathematics.  
As already stated, this report is on the initial analysis of the data. Thus, it 
reports only on my initial immersion into and familiarization of the data. Therefore 
this stage took a grounded approach to data analysis - iteratively watching videos, 
listening to audio records, transcribing, reading and thinking.   
Results and discussion 
Use of language 
English was mostly used in all the classes observed in both schools. In the private 
school, English was exclusively used in the classroom by both the teacher and the 
pupils. According to the teacher, this was because it was school policy that English 
alone should be spoken within the school premises. The use of the local language by 
pupils was a punishable offence. The following extract shows how the teacher and 
other pupils reacted to a pupil who spoke Fante in Class.  
Teacher: Who is speaking Fante? (I think the teacher heard someone speak Fante 
in the background) 
Pupils: Ansah (Pupils make some sounds in the background to indicate that Ansah 
was in trouble) 
Here, the teacher was copying from the textbook onto the board. Other pupils 
in  the  class  were  talking  until  suddenly  one  of  them  spoke  Fante  prompting  the 
immediate reaction in the form of the question “who is speaking Fante?” from the 
teacher. Some of the pupils who heard Ansah speak Fante called out his name. The 
teacher’s response was a stern look at Ansah who buried his head in his palms. Asked Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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why he reacted that way, the teacher indicated that apart from the school’s policy, if 
he “did not check that kind of behaviour, they will always speak Fante in class”. This 
response indicates that the teacher’s reaction was to the language use rather than the 
content of what Ansah said. This further indicates that the teacher was more interested 
in pupils speaking English than mathematics. Teachers’ emphasis on English rather 
than mathematics was not limited to the private school; in the public school teachers 
did not discourage pupils’ use of Fante in class but they were very particular about 
pupils learning English.  
In the public school, the class six teacher also used English only in class. The 
pupils  were  however  heard  speaking  Fante  in  the  classroom  without  being 
reprimanded. Discussions with the teacher revealed that he was not fluent in Fante, 
and his decision to use English only partly due to his weakness in Fante and partly his 
desire  to  get  the  pupils  to  learn  English.  He  indicated  that  the  pupils  had  to  be 
competent in English in order to pass the Basic Education Certificate Examination, 
the national examination used to select pupils to the senior high school. Thus the 
language  of  examination  was  a  factor  for  this  teacher’s  choice  of  language  for 
teaching mathematics. 
It was only the class four teacher who was observed to use both English and 
Fante in her teaching. She also favoured the use of English in teaching. She indicated 
that she had to use English in teaching, but that the pupils were ‘dull’ and did not 
understand the English, so she used Fante to help them follow the lesson.  
This  same  teacher  indicated  at  a  point  that  English  is  the  language  of 
mathematics,  but  that  she  used  Fante  only  to  explain  things  to  the  pupils.  She 
suggested that the pupils would not pass if they were not taught in English. 
This indicates that this teacher, like many other Ghanaians, equates pupils’ 
ability in English to academic brilliance. Describing pupils as ‘dull’ simply because 
they do not understand English which is not even their second language and which 
they rarely encounter outside school is to me very harsh. 
Moreover, this teacher, like her colleagues in this study sees English as the 
language of mathematics. This perception surely has effects on their use of language 
in teaching mathematics. Thus this teacher will only resort to the local language after 
pupils are unable to answer her questions correctly. She would then use Fante to lead 
pupils to the expected answer, after which she will re-state it in English. Note that the 
use of italics in transcripts indicate a translation from Fante to English. For example, 
Teacher: … What about between, between six and nine? Between six and nine. 
Between six and nine, Steven….  
Steven: Three 
Teacher: Between! Between! I said from between what and what? 
Pupils: Six and nine 
Teacher: Between six and nine, Tetteh 
Tetteh: Madam two 
Pupils: Madam! 
Teacher: Come and show us where you started from. So if you add eleven to one, 
what do you get? 
Tetteh: Twelve 
Teacher: So why did you say two? So between six and then nine, we have those 
who had seven and then eight. Eleven people had seven, one person had eight. 
Let’s move on. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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In this excerpt, after two pupils had given wrong answers, the teacher uses 
Fante to lead one of them to the expected answer after which instead of consolidating 
pupils’  understanding  in  Fante,  she  switches  to  English.  Thus  it  appears  that  the 
teacher’s emphasis was more on the use of English and appeared to be teaching it too. 
The  policy  did  not  seem  to  have  a  lot  of  influence  on  the  public  school 
teachers’ use of language for classroom interaction.  As discussed above, teachers’ 
choice of language for classroom interaction seemed to be largely influenced by their 
perception of English as the language of schooling, the language of examinations, and 
the language of curriculum materials. Through out all the lessons observed, where 
textbooks were available, teachers were seen referring to the government approved 
textbooks. These are all written in English.  
Moreover, teachers’ own competence in the local language influenced their 
choice of language for classroom interaction. The private school teacher and the class 
six public school teacher were both non-natives of Cape Coast. They both indicated 
that though their own competence was not a major factor, it played a role. The public 
school class six teacher was especially handicapped in the use of Fante and indicated 
that the pupils sometimes laughed at his Fante. 
Teaching strategies 
All the mathematics lessons observed were in the form of teacher led exposition, 
followed by independent practice questions by pupils and a whole class discussion of 
the pupils’ practice questions after which teachers gave class exercises or take home 
practice exercises. Thus the teachers did most of the talking in class. However, the 
private school teacher indicated that he sometimes uses group work but it was time 
consuming. Thus time could be another factor for teachers’ actions.  
There  were  lots  of  repetitions  by  all  the  teachers  observed.  The  teachers 
indicated that they repeated things so that as one of them put it, “it will stick with the 
pupils”. This could also be a strategy to give the pupils time to think about questions 
before  answering.  Especially  in  class  four  of  the  public  school,  the  teacher  kept 
repeating and isolating key components of questions that she asked before eventually 
calling to pupils to respond. The following extract is an example of such repetitions.  
Teacher: What about those who had six to ten? How many people had six to ten? 
Six to ten? Six to ten? 
Pupils: Madam 
Teacher: Eric, from six to ten, how many people had that? From six to ten, how 
many people had that? Let’s see the numbers between six and ten. From six to 
ten, what are the numbers there? (Fante translations in italics) 
Here the teacher kept mentioning from six to ten. Even after pupils called to 
her for attention, she switched to the local language and kept emphasizing the six to 
ten. This could be intended to ‘hammer in’ the question to the pupil. The teacher had 
mentioned  six  to  ten  three  times  before  calling  Eric  to  respond  but  interestingly 
switched codes and kept repeating the question. It appears that the teacher wanted the 
pupil  to  get  the  question  very  well  and  also  think  about  it  before  attempting  a 
response. Interestingly again, though she switched codes, the number names were 
mentioned  in  English.  In  fact  the  number  names  were  never  mentioned  in  Fante 
throughout the observation period though the vocabulary existed and was common.  
Most of the teacher questions did not require real responses (Messenger 1991) 
which  required  thought.  Teacher  questions  or  elicitations  required  repetitions  or 
routine agreement or disagreement with some statement made. These responses were Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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usually  in  unison.  This  could  be  a  strategy  to  get  more  pupils  to  participate  in 
classroom  discourse.  In  the  few  cases  where  pupils  were  asked  to  explain  their 
answers,  teachers  did  not  give  enough  time  for  pupils  to  articulate  their  thoughts 
before calling other pupils or intervening with their own reasoning. The following 
extract exemplifies the nature of teacher elicitations. 
Teacher: He says the four; he did not get four so he will not stand up. Allow him. 
He didn’t get four so he will not stand up. Four or less. It starts from where? 
Pupils: Four (Teacher points to four on the board) 
Teacher: It starts from where? Four, (teacher points to the numbers as pupils call 
them out) 
Pupils: Three, two, one  
Teacher: And then zero, so if you say four or less, four or less, that means from 
four to zero. This one (Teacher points to the numbers) is less than, excuse me. 
Four, this one, this one is also less than four. One is also less than four, and zero 
is less than four. Is that okay? 
Pupils: Yes madam 
Teacher: So when you are asked, you had exam or you write exam and your 
teacher says those who had four downwards or four or less stand up, all those who 
had four, three, two, one and zero must stand up. Is that okay? 
Pupils: Yes madam 
Teacher: Is that okay? 
Pupils: Yes Madam 
Teacher: Let’s go back to the table. Now, the question is how many people got 
four or less? You see four or less, all these people must stand up. Those who got 
four, three, two, one or zero must stand up. So Tetteh, from the table, how many 
people got four or less? 
Tetteh: Four 
Teacher: Four, go and count and let me see. Go! Go and count and let me see, you 
started counting from where? We are using the table, those who had four or less, 
bring  your  mind  here.  All  hands  down.  Now  this  is  our  table,  these,  (teacher 
points to the board) these are the marks that the people had or got, these marks are 
what the people got and how many people got these marks here are what we have 
down here, Is that okay? 
In the extract above, one of the pupils had indicated that he would not stand up 
while he should have said he would stand up. The teacher goes on and repeats the 
reason the pupil gave for saying that he will not stand up. She then points to the 
board, on four and asks ‘four or less, it starts from where’? This obviously does not 
require thought to answer since the visual clue was given by the teacher pointing to 
the four. All the pupils had to do was to mention the number that the teacher pointed 
to. She confirms the pupils’ responses and continues pointing to the other numbers 
less that four (three, two, one) as pupils recite these numbers. The teacher continues to 
offer an explanation to the pupils after which she asks if it is okay for which pupils 
respond in the affirmative.  
Teachers were also observed to use analogies and gestures to support their 
utterances. One teacher, in explaining the concept of between, used pupils sitting in 
the spaces between other pupils as an analogy. Again, another teacher in explaining 
the word ‘reciprocate’ sketched two ‘stickmen’ on the board; one head up and the 
other upside down to illustrate. This may only have helped pupils to use the idea to 
write the multiplicative inverse of rational numbers expressed in the form a/b; where a Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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and  b  are  integers  and  b ≠   0  and  use  them  in  solving  questions  on  division  of 
fractions. None of the pupils that the teacher called to the board was able to answer 
that question correctly leading to this episode: 
Teacher: Fine, look at this, when we have this, that means when we are dealing 
with fractions, any number that stands on its own, we believe, you are not yet at 
that stage, that there is one under it or it’s being divided by one because one will 
go to itself one, one will still go to eight, eight times so it’s still eight. Have you 
seen that? 
Pupils:Yes sir 
Thus though the teacher had good intentions in using that particular analogy, it rather 
got the pupils confused. 
Conclusions 
This seemed to be the only way the teachers knew how to teach mathematics. 
They indicated that that was how they were taught and that was how they have been 
teaching all along. Pupils’ participation in classroom discourse could be affected by 
the extensive use of English in the classroom by teachers since it has the potential of 
prohibiting  some  non-fluent  pupils  to  speak  in  class.  Teachers  ensured  that  more 
pupils  participated  in  classroom  discourse  by  encouraging  chorusing  through  the 
nature of their elicitations. I recommend that teachers are engaged in the debate on 
using  local  languages  as  a  teaching  resource  in  multilingual  settings  and  also 
encouraged to vary their teaching methods to include strategies that will get pupils to 
express their thoughts. 
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Researching Effective Continuing professional development in Mathematics 
Education (RECME) Findings: professional development and student change 
Jenni Back and Marie Joubert  
University of Plymouth and University of Bristol 
This paper presents some of the findings of the Researching Effective 
Continuing  professional  development  in  Mathematics  Education 
(RECME) Project which was set up to investigate, amongst other things, 
the role of research in ‘effective’ CPD for teachers of mathematics. It is 
generally  agreed  that  changed  student  behaviour  and  more  particularly 
improved  student  learning  is  the  ultimate  goal  of  professional 
development for teachers of mathematics. The focus of this paper is on 
some of the findings of the RECME project in relation to student learning. 
The  paper  gives  examples  of  the  ways  in  which  involvement  in  the 
professional  development  initiatives  encouraged  teachers  to  talk  about 
student  learning.  The  implications  of  these  findings  for  designers  of 
professional development opportunities for teachers are discussed. 
Student learning, professional development,  
Introduction 
The RECME project (Researching Effective Continuing Professional Development 
(CPD)  in  Mathematics  Education)  was  a  major  research  project  funded  by  the 
National  Centre  for  Excellence  in  the  Teaching  of  Mathematics  (NCETM).  The 
project investigated thirty continuing professional development (CPD) initiatives in 
mathematics  education  from  all  phases  of  education  from  early  years  to  further 
education. The RECME project involved a team of five researchers from a variety of 
research backgrounds and used a range of research instruments which provided a rich 
data  set  of  qualitative  and  quantitative  data.  This  data  included  observations  of 
professional  development  sessions,  interviews  with  teachers  and  classroom 
observations of their teaching of mathematics and also an online questionnaire. 
The overarching question of the project was concerned with identifying the 
interrelated factors contributing to effective CPD, a central factor of which can be 
seen  to  be  improved  student  learning.  This  paper  focuses  on  reported  improved 
student learning. 
Background 
Improved student learning in mathematics can be seen as the ultimate goal of CPD for 
teachers of mathematics (see, for example, Guskey, 2002). We agree, and we consider 
that it is important for teachers to be able to identify and articulate improved student 
learning because we believe that, in doing so, teachers are empowered to take a step 
back from their CPD to question whether any changes in practice that are suggested to 
them, and that they try out, might be effective.  
We  acknowledge  that  recognising  and  talking  about  student  learning  is 
difficult. However, we suggest that there are approaches initiatives of CPD can take to 
provide teachers with tools to do so, and in this paper we discuss some of approaches Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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we  observed  and  the  ways  in  which  teachers  talked  about  their  own  students’ 
learning. We are also able, in some cases, to triangulate the teachers’ claims with our 
own observations of the teachers’ lessons. 
 
Approaches to thinking about student learning in different CPD initiatives 
In some of the CPD initiatives we investigated, consideration of students’ learning 
was  addressed  by  engaging  teachers  with  tackling  mathematical  tasks  themselves 
before  considering  how  their  pupils  might  respond  to  them.  They  were  then 
encouraged to try the task with their own pupils and reflect on the responses that the 
pupils  made  to  them  before  bringing  those  reflections  back  to  a  subsequent 
professional development session and sharing their observations and reflections with 
their peers. This enabled the professional development to engage with the teachers’ 
own subject knowledge, consider approaches to teaching specific topics and also to 
reflect on students’ understandings and ways of coming to know the topic.  
An example of this approach comes from a course for teachers that was run by 
a local authority and enabled teachers to gain Masters Level accreditation through the 
submission  of  coursework  and  a  written  assignment.  The  course  was  for  primary 
teachers and in the observed session, which was on the topic of fractions, one of the 
tasks involved the teachers in ordering three sets of fractions in order of size. The sets 
of fractions were: 
2/5, 9/5, 4/5, 10/5, 5/5 
6/3, 6/8, 6/4, 6/12, 6/7 
7/8, 10/11, 3/4, 8/9, 4/5 
In response to the task, teachers drew a diagram to illustrate each fraction and 
discussed and expressed in writing the reasons for their ordering. This involved the 
participants convincing one another of the validity of their mathematical reasoning. 
The task involved all the teachers and generated a lot of discussion and mathematical 
reasoning.  In  the  observed  session,  this  task  and  other  related  tasks  raised  and 
addressed  some  of  the  common  misconceptions  about  fractions.  The  discussion 
covered the implications for individual teachers’ practice in their schools, as well as 
more general issues related to curriculum content and organisation.  
The organiser said that the intention was for the teachers to consider pupils’ 
learning as a result of their engagement with the suggested tasks and to feed back 
their  observations  at  a  subsequent  meeting.  This  claim  was  substantiated  by 
observations of the practices in the meeting in which the teachers brought with them 
examples of the work that their students had done on the previous topic which had 
been  using  ICT  to  support  mathematical  learning.  They  had  made  detailed 
observations about these examples and engaged in careful consideration of the ways 
in which various approaches had supported their students’ mathematical learning. So 
they  were  involved  in  a  cycle  of  looking  carefully  at  mathematical  activities  and 
predicting their students’ responses to them, trying them out with their students and 
observing their reactions and responses, reflecting on these responses before offering 
feedback to the whole group at the next meeting. 
Another  whole  department  secondary  school  initiative  followed  a  ‘Lesson 
Study’ model. The lesson study approaches we observed were based on Japanese 
Lesson Study and followed the model to a greater or lesser extent. In all, teachers 
collaboratively plan a lesson, one of the teachers teaches this lesson and is videoed, 
and then the group discusses the video. The lesson plan was iteratively developed.  
This ‘lesson study’ initiative is described more fully in Case Study 4 of the RECME Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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report (p.48) (Joubert et al, 2009).  It used a similar approach to engaging with student 
learning  to  that  of  the  primary  initiative  described  above  in  which  teachers  were 
encouraged to predict student reactions to mathematical tasks they were given, to 
observe in minute detail how the students responded and then to reflect on the student 
responses  within  the  group.  The  teachers  were  engaged  in  developing  a  lesson 
introducing high attaining Year 9 pupils to the idea of factorising quadratics.  
During  the  development  and  the  presentation  of  the  lesson,  the  teachers 
involved were given time to observe students’ learning, both as teacher and observers.  
After  observing  and  participating  in  the  first  lesson  trial,  their  discussion  focused 
closely on shifts in their awareness of their pupils’ learning and ways of developing 
their learning. 
Another approach to considering students’ learning came through shifting the 
focus  of  the  teachers’  teaching  to  the  learning  of  their  students  through  offering 
students  learning  opportunities  that  would  give  the  teachers  more  time  and 
opportunities to observe student learning. In one such whole school primary initiative 
this approach was one of the principle foci in an initiative that also involved a move 
away from textbook and worksheet led mathematical activities. 
Another  initiative  which  involved  a  network  of  Early  Years  practitioners 
focused  on  opportunities  for  mathematical  learning  that  children  initiated  for 
themselves and ways of working with the pupils that triggered and supported these 
children’s  mathematical  thinking  and  reasoning.  Meetings  focused  on  sharing 
accounts of the children’s mathematical activity through the presentation of narratives 
and examples of children’s recording of their thinking. In the observed meeting the 
focus of the examples that were shared was of examples of children’s spontaneous 
mathematical problem solving and the teachers recounted examples that had been 
triggered by a wide range of different stimuli. One example involved a girl making a 
paper chain with loops of paper linked together. The child wanted to make a chain 
that would be the same length as the width of her desk and tried to estimate. This 
proved tricky so she created a ‘tape measure’ from a long strip of paper with numbers 
in order from 1 to over 30. The teacher described her involvement with the problem 
and the mathematical reasoning with which she was engaged. 
 
Teachers’ evidence of improved student learning 
When teachers were asked about improved student learning, the majority of teachers 
provided  generic  descriptions,  usually  of  improved  motivation  or  changes  in 
classroom  behaviour.  For  example,  one  primary  school  teacher  commented  that: 
‘Children are more able and willing to explain their thinking.’ Another teacher also 
spoke in general terms about changes in her students and their relationship with her 
practice: 
Children are now more able and willing to explain their thinking. We make sure 
we do investigations more now and getting the children to be more analytic and 
explain what they have done rather than just to say ‘I just knew it’… I’ve always 
thought it is very important to be very practical doing maths and that’s why it 
excites me: it’s given me licence to do it… 
A lot of the thing is that children need skills in order to investigate and there is a 
balance between getting the skills and making it meaningful. And the question is, 
can you teach some skills through investigation? Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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This comment illustrates the teacher’s reflection in relation to her teaching 
practice and this was common to many of the responses that we received. It also 
suggests that this teacher felt that her involvement in the professional development 
initiative had given her permission to change her practice to a more practically based 
and investigative approach.  
These examples suggest that the teachers found it very difficult to talk about 
changes in student learning and had a tendency to offer us generic examples that 
focused more on changes in behaviour and overall changes in confidence. 
Despite the dominance of generic descriptions of student learning, there were 
some instances in which the teachers cited examples of evidence of mathematical 
learning and some of these were substantiated by observations in the lessons that were 
viewed. 
For example, one of the teachers involved in the lesson study example above 
offered the following written observations he had made of improved learning:    
The evidence for change is my own personal observation.  
For example:  
At the end of a lesson a girl who has struggled with a new idea saying ‘Oh! I get it 
now’ – a ‘wow’ moment. Perseverance leading to learning. 
Asking  students  at  the  beginning  of  the  lesson:  ‘Do  you  know  how  to  solve 
problems of this sort?’ (and maybe a couple say yes) by the end they are all 
solving those problems. 
Giving an open starting point pupils independently pursuing 2 or 3 different lines 
of enquiry and then explaining their investigations to each other. 
A lesson observed from the same initiative, focused on a consideration of the 
subtraction  of  fractions  and  led  the  students  towards  the  subtraction  of  algebraic 
fractions so that by the end of the lesson, one girl was able to explain to the other 
students  that  the  solution  to  x/3-x/4  was  x/12.  She  did  this  very  clearly  offering 
clearly justified and reasoned steps for a detailed solution and answering her peers’ 
questions with clarity and precision. This was evidence of one student’s learning that 
was sufficiently secure for her to act as teacher to her peers and this approach was 
frequently used by the teacher concerned. He had developed a classroom culture that 
involved co-operation and collaboration amongst his students and in which there was 
strong evidence of pupils actively engaged in learning mathematics and interested in 
and committed to the process of doing so. Pupils spontaneously wandered round the 
room to help others who were stuck and the talk in the classroom was focused on the 
mathematics they were working on. 
In another example, a further education tutor working with adult students on 
basic numeracy skills offered us evidence of student learning in the form of comments 
her students had made to her about their improved mathematical skills. Four of her 
students said: 
Someone asked me a question and I could answer it. 
I was listening to the radio and heard a GCSE question and I could answer it! 
I could give the bus driver the right money. 
I still don’t like maths but at least I can do it now. 
Other teachers reported connections that they perceived between the changes 
in their practice and improvements that they had observed in their students’ leaning of 
mathematics.  One  such  example  came  from  a  further  education  tutor  who  had Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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supported  a  young  adult  student  in  developing  her  understanding  of  money.  The 
student had complained to her that her mother was always cross with her for not being 
given the correct change when she went shopping. The tutor described how she had 
got out the play money and marked up different amounts on labels in different ways 
so that the group could ‘play’ shopping. A few weeks after this the student in question 
had come back to her tutor very pleased with herself as she had checked her change, 
found it was wrong, confronted the cashier and had it corrected. The tutor felt that the 
practical approach she had adopted with the students had supported this learning. One 
teacher from the primary school initiative above commented: 
I think children learn better through practical activities and you have to have them 
there for them to see what best fits the children. It is not a case of just opening up 
a page of maths and doing pages and pages and they understand. It’s about doing 
some  examples  and  practical  tasks  and  giving  support  where  and  when  it  is 
needed, then, if there are misconceptions, you are there to clear them up.  
I use more activities, far more resources and practical activities. Now if people 
were working practically and they didn’t have written evidence of their learning, 
that wouldn’t worry me. I don’t feel that a child has to write something down to 
know it.  
The same teacher also commented on making observations of the children’s 
learning on PostIt notes during the course of the lesson which she was now more able 
to do as the students were working more independently of her during the lessons. She 
still  saw  herself  as  the  supporter  and  facilitator  of  her  students’  learning,  as  the 
quotation shows, but they were better able to gain support from one another and the 
practical apparatus available to them than had previously been the case.  
We visited the Early Years teacher who talked about the paper chains (above). 
The example she had described was displayed as a poster with an account of the event 
and photographs of the sequence of events. This deep engagement with the processes 
of mathematical thinking and its focus on observation by the teacher was strongly 
evident in the activity of this network of teachers. They related their observations to 
research  writing  about  children’s  early  mathematical  mark  making  activity  and 
development, particularly the work of Carruthers and Worthington (2003).  
Effects of shifting attention 
From our evidence it would seem that, although teachers find it difficult to shift their 
focus onto their students’ learning and away from their teaching, when they do so it 
has  a  significant  impact  on  their  practice  and  makes  them  more  aware  of  the 
opportunities that they, as teachers, can offer for mathematical learning. The teachers 
involved expressed a sense of space and a release from the busyness of classroom 
activity that their change in focus had led to. As one said: 
Now I am much more of a researcher-teacher of maths. I spend more time sitting back, 
refraining from teaching and taking time to figure out what the students are learning and 
to understand more fully what they are thinking. 
This excerpt seems to encapsulate the idea of the reflective teacher practitioner 
which it was the intention of many of the initiatives that we observed to foster.  
Concluding comments  
We have described some of the approaches CPD initiatives in the RECME sample 
took in order to encourage teachers to think about their students’ learning. We have 
also provided some examples of the evidence of improved student learning provided Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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by the teachers. It seems to us that where initiatives explicitly focused on student 
learning, the teachers were more able to discuss their students’ learning. Teachers 
who gave accounts of changes in practice that they reported as sustained and profound 
had often been involved in their CPD in focusing on student learning. They had also 
been involved in reflecting on the relationship between student learning and their own 
professional practice in the classroom.  
What  are  the  implications  of  these  findings  for  designers  and  leaders  of 
professional development opportunities for teachers of mathematics? We argue that a 
focus  on  the  careful  examination  of  students’  learning  of  mathematics  and  their 
responses  to  mathematical  learning  opportunities  offered  to  them  can  have  a 
significant  effect  on  the  development  of  reflective  practice  amongst  the  teachers 
involved.    
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Generalisation and perceptual agility: How did teachers fare in a quadratic 
generalising problem? 
Boon Liang Chua and Celia Hoyles 
Institute of Education, University of London 
This  study  examines  the  perceptual  agility  and  strategy  use  of  27 
prospective  secondary  school  teachers  in  Singapore  when  solving  a 
quadratic generalising problem. The data showed that the teachers were 
very capable of employing a variety of strategies to visualise the same 
pattern  in  different  ways,  resulting  in  not  only  a  diverse  range  of 
equivalent  rules  but  also  some  creative  visual  representations  of  the 
pattern structure. 
Keywords: Pattern generalisation, Perceptual agility, Prospective teachers 
Contemporary context 
One of the essential 21st century skills calls for individuals to think creatively and to 
solve problems using both conventional as well as innovative strategies (Learning and 
Skills  Development  Agency  2003).  Particularly  relevant  to  mathematics,  this  skill 
finds an academic home in the topic of pattern generalisation, which is about seeing 
the  general  in  the  particular.  The  idea  of  having  to  develop  flexibility  in  making 
generalisation is not a new issue and for some time now, its importance has been 
emphasised by many researchers (Mason, Graham, and Johnston-Wilder 2005; Lee 
1996). Lee (1996) calls the ability to see a pattern in multiple ways as perceptual 
agility. With even greater emphasis in today’s society, it seems reasonable to think 
that perceptual agility is not a luxury but a must-have for all students, rather than just 
for the more-able students. However, to nurture students and help them develop this 
ability,  teachers  must  become  versatile  in  engaging  in  different  ways  of  seeing  a 
pattern so as to be able to provide proper guidance and model how to do it. But are 
teachers  perceptually  agile  themselves?  This  paper  aims  to  investigate  this  issue 
through  the  asking  of  the  following  two  questions:  (1)  Are  prospective  teachers 
capable of deriving multiple expressions for the same generalising problem? If so, to 
what extent? (2) What strategies did the prospective teachers employ to derive the 
expressions for the generalising problem? The article begins with a discussion of the 
methods,  the  classification  scheme  used  for  data  analysis  as  well  as  results,  and 
follows with a discussion of research findings. 
Methods 
A  90-minute  written  test  was  administered  to  27  prospective  secondary  school 
teachers at the National Institute of Education in Singapore. One of the test items is 
the  Expanding  Cross  task  presented  in  Figure  1.  This  generalising  problem  was 
chosen because (1) it involves a quadratic rule in one variable rather than the usual 
linear function in one variable, and (2) it is less structured, thus allowing a greater 
scope  for  exploring  the  pattern  structure.  The  teachers  were  asked  to  solve  the 
problem individually first, and then in groups to generate the rule in as many different 
ways  as  possible.  In  total,  there  were  13  groups  of  teachers:  12  pairs  and  a  trio. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Calculator  use  was  permitted  for 
numerical  computations  since  it 
did not alter the original intent of 
the problem.  
27  test  scripts  were 
collected  and  then  marked  to 
check that each solution led to a 
correct  expression  of  the  rule. 
After  marking,  the  number  of 
correct  solutions  produced  by 
each  group  was  counted,  and  a 
detailed  solution-by-solution 
analysis  was  then  carried  out  to 
examine the teachers’ approach to 
establishing the explicit rule in  
each solution. Details of the classification scheme used in the analysis are elaborated 
in  the  next  section.  With  this  classification  scheme,  all  solutions  were  analysed 
thoroughly again and coded accordingly. A few days later, they were coded separately 
again to ensure consistency in the coding process. Any discrepancies in coding were 
carefully examined and negotiated until they were finally assigned to the category that 
best matched them. 
Classification scheme 
In  the  classification  scheme  that  Becker  and  Rivera  (2006)  had  developed  for 
analysing strategy use in pattern generalisation, there are three types of strategy use: 
(1) numerical, which uses only cues established from any pattern that is listed as a 
sequence of numbers or tabulated in a t-table to derive the functional rule, (2) figural, 
which only applies in generalising problems that depict the pattern using diagrams, 
and rules are formulated using only cues drawn directly from the structure of the 
figures given in the pattern, and (3) pragmatic, which is engaged when a combination 
of both the numerical and figural approaches are used in the expression of generality. 
Rivera and Becker (2008) further distinguished the solutions that employed 
the figural approach into two new categories: (1) constructive generalisation, which 
occurs when the figure given in a generalising problem is perceived as a constellation 
of components combined in an additive and non-overlapping way, from which the 
generality can be directly expressed as a sum of the various components, and (2) 
deconstructive generalisation, which happens when the diagram is visualised as being 
made up of components that overlap, and the generality is expressed by separately 
counting each component of the diagram and then subtracting any parts that overlap. 
Examples of these various types of strategy use will be illustrated in the next section. 
Results 
Table 1 presents the number of 
correct  solutions  produced  by 
the  13  groups  of  teachers.  As 
shown in the table, the teachers 
produced two to five solutions 
per group, yielding 43 correct expressions altogether for the Expanding Cross task. 
Seven groups came up with three ways of deriving the general rule while two groups 
Figure 1. Expanding Cross task Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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each  with  two,  four  and  five 
ways,  making  85%  of  them 
producing  three  or  more 
solutions. 
In  total,  13  different 
equivalent  expressions  of  the 
general  rule  were  observed 
among the solutions, with some occurring more frequently than others. The top four 
most  common  expressions  produced  by  the  teachers,  the  frequencies  and  total 
percentages  of  occurrences  for  each  expression  are  presented  in  Table  2.  The 
remaining nine expressions were seen once or twice only. 
The strategies used by the teachers to express the general rule will now follow. Figure 
2 shows a numerical solution, in which the teachers counted the number of tiles in each array, 
recorded  the  numbers  as  a  sequence  of  terms,  and  then  worked  out  the  first  and  second 
differences  between  consecutive  terms.  Spotting  the  constant  second  difference,  they 
recognised  that  the  pattern  involved  a  quadratic  rule.  Subsequently,  the  rule  was  found 
algebraically by first letting the rule be  c bn an + +
2 , followed by comparing and equating 
algebraic expressions with the numerical cues to solve for a, b and c. 
Unlike the numerical approach which followed a certain algorithm, the figural 
solution shown in Figure 3 relied totally on visual cues established from the diagrams 
to derive the rule. By shifting up one or two constituent components of each original 
cross to form two adjoining squares, it became very clear that the structure of the 
original pattern was equivalent to a sum of two squares, hence the rule ( )
2 2 1 n n + + . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Figure 2. Numerical Approach        Figure 3. Figural Approach 
 
In Figure 4, the pragmatic solution started with a figural approach but later 
transitioned to a numerical approach. Each cross was seen as comprising three parts: a 
median row and two identical pyramid-like blocks. By observing that “2 tiles are 
added to the structure each time and it started off with 1 tile for the zero term”, the 
teachers established the general rule for the median row: 2n + 1. This statement holds 
crucial evidence of their awareness of an invariant in this pattern – that single tile in 
the so-called zeroth term to which two tiles are added each time. As for the pattern in 
the pyramid-like block, the sequence {1, 4, 9, …} was probably obtained through a 
systematic counting of the number of tiles. Without further relying on any visual cues, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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the teachers converted 1 to 1
2, 4 to 2
2 and 9 to 3
2, upon seeing a link between the 
shape number and the number of tiles. This then helps them to obtain the expression 
 as a generalisation of the number of tiles in each block. By joining the three parts 
together to form the original cross, the rule is thus given by  . 
 
 
 
 
 
 
 
 
 
 
Figure 4. Pragmatic approach                               Figure 5. Non-additive constructive 
 
Strategies  involving  the  use  of  figural  cues  can  be  further  classified  into 
constructive and deconstructive generalisations. For instance, Figure 4 shows that by 
viewing the cross as a composite figure made up of non-overlapping components, the 
rule can be expressed as a sum of the various sub-components. Such a strategy was 
originally known as a constructive generalisation, but we decided to rename it as an 
additive constructive generalisation in order to introduce a new sub-category, which 
we called non-additive constructive generalisation. The latter involves perceiving the 
given  figure  as  part  of  a  larger  composite  figure  and  then  producing  the  rule  by 
subtracting the sub-components from this composite figure. Figure 5 illustrates an 
example where the cross is obtained by removing four tiered sub-components from 
the corners of the large square. With   tiles in the large square and   
tiles in each tiered corner in Shape n, the number of tiles in the cross is thus given by 
the general rule  , or ( ) ( ) 1 2 1 2
2 + − + n n n  when simplified. 
Figure  6  provides  an  example  of 
deconstructive  generalisation.  Each  cross  is 
viewed  as  being  formed  by  two  identical 
pyramid-like  blocks,  where  one  is  inverted, 
overlapping at the median row. So the number 
of tiles is found by first adding the two identical 
blocks,  followed  by  removing  an  overlapped 
row, yielding  ( ) ( ) 1 2 1 2
2 + − + n n . This strategy 
was, however, not observed in this study. 
Apart from these two kinds of strategy, 
we discovered that some teachers rearranged  
certain components of the original diagram to produce a new figure from which they 
not only see the pattern structure but also subsequently construct a general rule based 
on  this  newly  reconfigured  figure  (see  Figure  3).  Since  the  classification  scheme 
developed by Rivera and Becker (2008) does not include this strategy, we propose 
adding a new category to account for such an approach that involves reconfiguration 
of the original figure. We call it reconstructive generalisation. 
Figure 6. Deconstructive generalisation Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Reflections and conclusion 
Are  prospective  teachers  capable  of  deriving  multiple  expressions  for  the  same 
generalising problem? If so, to what extent? 
With a mode of three solutions per group and 85% of the groups giving three or more 
solutions, the findings seem to suggest considerable evidence supporting the view that 
the teachers were not only capable of seeing the same pattern in multiple ways when 
solving the Expanding Cross task, but had also done it very well. Despite displaying 
perceptual agility, success did not come easily to them. They did struggle a fair bit 
initially before managing to solve it, as the following remarks of two teachers show. 
Teacher 1: We could not find a way to divide the figure into easy-to-manage shapes 
until after a long time. 
Teacher 2: I could not visualise the relationship between the shape number and the 
number of tiles in the shape. It took me a while to realise that…if I split the shape  
into three different parts…the question became a lot easier after I did it this way. 
It is unclear why the mode is three but we suspect the judgement of how many 
solutions to give depends on teachers’ intuition. When the number of solutions to be 
given is not made explicit in a task like this asking for multiple solutions, teachers 
probably gauged that two was too few and five was too many, so three or four was 
just  right.  Many  might  have  settled  with  three  eventually,  thinking  it  was  good 
enough, or due to a lack of time. 
 
What strategies did the prospective teachers employ to derive the expressions for the 
generalising task? 
Evidence from the study indicates that teachers rarely used the numerical approach, 
preferring  to  use  either  the  figural  or  pragmatic  approach.  The  relatively  low 
frequency  of  numerical  solutions  is  not  at  all  surprising  given  that a   quadratic 
generalising task is more complex to deal with than a linear task. Finding a quadratic 
rule by the typical recursive method is not a straightforward task, like finding a linear 
rule. Additionally, the use of table will not really help much because the connection 
between the shape numbers (i.e., the independent variable) and the number of tiles in 
the corresponding shapes (i.e., the dependent variable) is not easily established. For 
the few who succeeded in employing the numerical approach, it is uncertain whether 
they are able to provide a valid geometrical justification of the rule even though they 
were competent in executing the algorithm mechanically to obtain the correct rule. 
This doubt emerges especially when the visual representation of the rule is entirely 
disconnected  from  its  symbolic  form –  a  concern  which  Noss,  Healy  and  Hoyles 
(1997) had previously raised as well. 
Data from the study show that additive constructive generalisation was most 
commonly used (about 50%), followed by reconstructive generalisation (about 30%), 
and  then  non-additive  generalisation  (about  10%)  whereas  deconstructive 
generalisation  was  not  observed.  These  findings  lead  to  the  question:  what  has 
contributed  a  high  incidence  of  additive  constructive  generalisation  and  none  of 
deconstructive generalisation? We speculate that the reason why additive constructive 
generalisations proceed readily lies with a very fundamental mathematical concept – 
the part-whole relationship, which is first introduced when learning to count whole 
numbers  in  primary  schools.  Thus  in  this  study,  perhaps  owing  to  the  teachers’ 
familiarity  with  this  concept,  part-whole  reasoning  is  naturally  triggered  when 
thinking about how the cross in the task (i.e., the whole) is formed. This explanation 
seems to harmonise with the reason suggested by Rivera and Becker (2008): Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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perhaps  it  is  the  case  that  [the  children’s]  constructive 
generalisations…map easily onto their current understanding of what 
numbers  are  and  how  such  entities  are  used,  represented,  and 
manipulated (p.73) 
On the other hand, the low to moderate occurrences of reconstructive and non-
additive  constructive  generalisations  might  be  attributable  to  the  complex  acts  of 
visual  perception.  Reconstructive  generalisation  appears  more  complicated  to 
visualise than additive constructive generalisation as it requires higher sophistication 
of spatial visualisation whereas for non-additive constructive generalisation, it can be 
quite  a  challenging  experience  for  participants  to  imagine  the  missing  sub-
components in the larger composite figure. As for deconstructive generalisation, its 
absence here is consistent with the findings from an earlier study conducted by Rivera 
& Becker (2008), so it is not surprising. The teachers’ unawareness of such a strategy 
may have limited the occurrence of deconstructive generalisations. 
In conclusion, findings drawn from this study had shown that the prospective 
secondary  school  teachers  had  demonstrated  a  remarkable  capability  of  engaging 
different ways of seeing the same pattern in a quadratic generalising task, and of 
producing a diverse range of equivalent rules for the same pattern. We discovered that 
most rules were expressed using cues established directly from the pattern structure, 
involving  several  cases  of  seeing  the  cross  as  being  made  up  of  different  parts 
combined in an additive and non-overlapping way. We encourage future study to 
investigate whether prospective teachers continue to manifest perceptual agility in 
other generalising tasks. If there is a range of equivalent rules, are teachers able to 
recognise  which  rule  is  more  mathematically  useful  in  describing  the  pattern 
structure, an important issue raised by Lee (1996)? In addition, further examination of 
the teachers’ ways of visualising the figures could yield valuable insights into their 
interpretations of the pattern structure. The findings will then help to shed light on 
why certain strategy use occurs more frequently than others. 
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The ethics of learning within the research process  
Alf Coles 
Graduate School of Education, University of Bristol, UK and Kingsfield School, 
South Gloucestershire, UK.  
In  this  paper  I  explore  some  implications  of  taking  a  virtue  theory 
approach to ethics within classroom-based research. I argue that an ethical 
dilemma  arises  around  the  gaining  of  informed  consent  at  the  very 
beginning of a relationship with a new class; to the extent that it is not 
ethical to engage in such research until a classroom culture is established. 
I argue, secondly, that ethical behaviour as a practitioner-researcher in the 
classroom is an issue pertinent to every decision, not just something to 
address  at  the  start  of  a  project.  I  draw  conclusions  about  ways  of 
developing ethical expertise.  
Keywords: Ethics, Ethical know-how, Informed consent, Learning, Varela 
A man of the highest virtue does not keep to virtue and that is why he has virtue. 
A man of the lowest virtue never strays from virtue and that is why he is without 
virtue. (Lao-Tzu, ~560BCE/1963, p.99) 
Introduction 
There  are  three  major  (Western)  philosophical  positions  concerning  ethics. 
Deontology captures all approaches to ethics that rely on a set of rules (examples 
include  the  Ten  Commandments  or  Kant’s  categorical  imperative,  e.g.,  see  Kant 
1785/1997). Utilitarianism covers the many theories which offer an approach based 
on some kind of calculation of the likely effect of an action (e.g., see Mill 1871/2004). 
And lastly there is the tradition of Virtue Theory which can be traced back, at least, to 
Aristotle’s ‘Nicomachean Ethics’ (~340BCE/1980), in which what is ethical is linked 
(in what can appear a circular manner) to the actions that a highly virtuous person 
would spontaneously carry out. Ethics in this view is not so much about the following 
of set rules as the development of expertise. 
The first two approaches to ethics are rational or rule based, and this describes 
the flavour of institutional ethical guidelines governing research (e.g. BERA, 2004; 
CIHR et al., 1998; ESRC, 2005). These guidelines effectively give a code for ethical 
behaviour in carrying out research. For example the Revised ethical guidelines for 
educational research (2004) adopted by the British Educational Research Association 
state: 
Researchers must take the steps necessary to ensure that all participants in the 
research understand the process in which they are to be engaged, including why 
their participation is necessary, how it will be used and how and to whom it will 
be reported. (p. 5) 
In this paper I want to explore some implications for research of taking a 
stance on ethics more in line with a Virtue Theory approach, where the development 
of ethical know-how is to the foreground. Such an approach is in keeping with a post-
modern stance on ethics (see, for example, Bauman, 1993; Edwards and Mauthner, 
2003; Noddings, 2005) which views the issue in terms of relationships within the 
research context and the development of relationships. 
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Theoretical Framework and View of Knowledge 
Before  discussing  the  development  of  know-how,  I  need  to  be  explicit  about  my 
theoretical  framework  and  in  particular  my  epistemological  beliefs.  I  bring  an 
enactivist stance (e.g., see Varela, Thomson, Rosch, 1991; Reid, 1996) to my research 
work with the following assumptions. 
1) We spend most of our lives in un-reflexive skilled behaviour, including 
expert  ethical  behaviour.  We  frequently  display  ethical  know-how  in  relatively 
mundane ways, for example listening empathetically to a friend’s distress, or reaching 
out a hand to steady someone who is about to trip. We perform these actions without 
recourse to rational reflection or calculation.  
2)  Rational  deliberation,  despite  what  we  (rationally!)  may  think,  is  the 
exception  rather  than  the  rule  in  terms  of  our  day  to  day,  moment  by  moment 
behaviour. We call on our rational resources at breaks in our skilled behaviour, for 
example when we cannot decide what to write to a friend who has been bereaved, or 
when we are stuck on a mathematics problem. 
3) Knowledge then, from an enactivist perspective, cannot be separated from 
effective action; what it means to know something is that, in a given situation we are 
able to act effectively (as judged by others in the community). 
4) The development of knowledge, i.e., learning also has an inseparable link to 
community  -  “we  learn  what  we  are  supposed  to  be  in  order  to  be  accepted  as 
learners” (Varela, 1999, p.24). 
5) Learning, knowing and action cannot be separated from perception. Part of 
knowing/effective action and being accepted as a learner is that we develop what we 
are able to perceive in a situation – a classic example being the palate of a wine 
connoisseur who is able to draw distinctions imperceptible to most humans. 
Taking these ideas together with a Virtue Theory approach to ethics leads to 
an inescapable conclusion. If ethical behaviour is defined by what an ethical expert 
would  do  in  a  situation,  and  expertise  or  knowledge  is  effective  action  within  a 
community, then an ethical expert “is nothing more or less than a full participant in a 
community” (Varela, 1999, p.24). 
Implications for research 
My research site is an 11-18 mixed comprehensive on the edge of Bristol with an 
intake below national average and a catchment area including wards with high indices 
of deprivation. I research my classroom and the mathematics department where I have 
been teaching for the last 12 years. Since ethical behaviour is linked with participation 
in  a  community  I  will  briefly  give  some  sense  of  the  type  of  community  that  is 
enacted in this setting.  
A practice I use regularly among the mathematics teachers at the school is to 
video  lessons  of  one  of  us  teaching  and  then,  at  a  later  meeting,  work  together 
analysing a small section of the recording to identify teaching strategies. This in itself 
says something about the community; but I will use transcripts from one of these 
teacher meetings to both exemplify the classroom culture that is valued in the school 
and to raise the ethical issues of concern in this paper. 
There  were  five  teachers  present  (including  me)  and  a  student-teacher.  A 
selection of comments related to their view of the classroom culture is below. (‘They’ 
in the first two comments refers to the students.)  
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Transcript notation: (.) indicates a pause of less than a second; (2) indicates a pause of 2 seconds; bold 
indicates emphasis; [text] gives transcriber comment; / / indicates overlapping speech. 
TB:  there was a long bit 
  when they were just 
  kind of talking to each other (.) 
  amazing 
TD:   they all seem to occupy themselves 
TD:   I’m impressed 
    by how many students are involved 
    with what’s going on at the board [1]        
TD:   there’s something about [2] 
    the kids not feeling they want to move on  
TD:   there’s more to be done 
    than (.) finish the question [5] 
    that seems to interest them all [laughs] 
These comments create an image of a ‘desired’ classroom in this department. One in 
which  students  are  interested  in  what  each  other  are  doing,  are  all  engaged  in 
productive activity in a more or less autonomous fashion, and where they see the 
study of mathematics as something beyond the gaining of right answers. I interpret 
these teachers as effectively defining what full participation means in this department 
– i.e., that as a teacher I am able to establish a classroom culture where students act in 
the ways described above, with a focus on the mathematics on offer. 
There is evidence in the same meeting transcript that such a culture is hard to 
establish in this school (e.g. in TB’s comment ‘amazing’ above, said in reference to 
how the students on this video clip talk to each other in a whole class discussion with 
seemingly  little  moderation  from  the  teacher).  In  fact,  one  of  the  teachers  (TD) 
viewing the video was the new teacher of the class (the video had been from the 
academic year ‘07-‘08, the discussion took place in ‘09). He made several comments 
contrasting the classroom culture now present in his lessons with this group, to what 
he observed on the video. For example, in reflecting on how he began the year with 
this class, TD said: 
TD:  I think it would have taken a lot 
    of courage at the start of the year 
    to go in and take a new class 
    and be as open as [.] as that  
    but [.] yet I feel I should have 
    maintained how they were there 
    and I don’t know 
I take this as evidence that the kind of desired classroom culture, described in the 
teacher  comments  above,  is  precarious.  This  is  not  a  school  where  students,  by 
default, will converse and interact in an adult and engaged manner. Teachers across 
the school often comment on having to work hard to keep the language and dynamics 
of the playground out of classroom discourse.  
It is with this background that I am wary of where I direct students’ attention 
in  a  classroom,  for  example  in  the  context  of  gaining  informed  consent.  Every 
conversation in the classroom not focused on mathematics makes it harder the next 
time to have that focus. 
 
Ethical Dilemma 
Particularly at the beginning of a school year, precisely when I am most interested in 
gathering  data  about  how  classroom  culture  develops,  there  are  good  reasons  to 
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whole year. To engage in a lengthy conversation about informed consent in these 
early  lessons  is  potentially  dangerous,  such  conversations  provoke  unhelpful 
awareness in students about the classroom (and e.g., its similarities and difference to 
others) – mitigating against the desire for focus and engagement on the mathematics 
itself (see Coles and Barwell, 2007). Such conversations are not consistent with the 
notion of full participation (and hence ethical behaviour) described by the teachers in 
the department. Being a full member of this classroom community means engagement 
in mathematics. Discussions of informed consent therefore cause a dilemma for the 
teacher. In engaging in these discussions the teacher is either showing him/herself not 
to be a full member of the community and therefore not acting ethically; or else 
he/she positions this particular classroom at a slight distance to the community valued 
in the department – again which is unethical. Yet, these discussions are needed to 
satisfy the need for ethical research. 
There  is  no  solution  to  this  tension;  it  is  important  to  keep  a  focus  on 
mathematics in early lessons and it is important that research subjects are consulted 
about  their  participation.  The  only  possible  conclusion  is  that  it  is  not  ethical  to 
research the beginnings of a relationship with a research participant within the context 
of classroom teaching. Once a classroom culture is established in which the focus is 
firmly on mathematics, no doubt this would be robust enough to not be perturbed 
unduly  by  a  conversation  about  informed  consent;  this  is  unlikely  to  be  the  case 
however at the very start of the school year. 
When are we ethical? 
A second implication of the view of ethics I am advocating is the question of when, 
for a teacher-researcher, ethical issues arise in the classroom. Institutional guidelines 
seem to suggest that the burden of ethical behaviour falls primarily at the start of a 
project. Yet every response of the teacher will have an effect of either strengthening 
or weakening the classroom culture in terms of its relation to the ‘desired’ classroom. 
A class discussion that builds in focus and ends with students clear about their next 
actions will make it more likely students will engage in a discussion the next time. A 
discussion that loses its thread will have the opposite effect. Hence, every response a 
teacher  makes  to  a  student  has  an  ethical  dimension.  The  complexity  of  these 
decisions of how to respond is immense, as can be seen in the comments below. 
In the same teacher-meeting quoted above there is a section when teachers 
describe a sequence of opposites that they see the lesson as steering a path between.  
20:29 TA:  I don’t know if it’s you or [.] 
    it is you 
    but there was something that prompted 
    you 
This comment was in relation to who focused the class at a particular point on finding 
the area of a shape – is it the teacher? It is the teacher, but he was prompted by a 
student. 
27:41 TD:  it feels a bit like 
    you’ve got the confidence  
    to let them take the lesson 
    but there’s more to it than confidence 
    there is subtle guidance there’s [8] 
    they seem to used to [6] 
There is a suggestion that the students ‘take the lesson’ and are therefore in control of 
its direction – contrasted with the sense that the teacher is offering guidance. 
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    I don’t know if that’s open 
    what do you mean / by open 
40:13 TD:  / well [3] 
40:17 TA:  because that was very focused [3] 
    on one particular thing [6] 
40:28 TD:  I guess letting them work on 
    what they want to work on 
    and trusting them to have something 
    to work on 
Just  before  this  section  a  teacher  had  suggested  that  the  lesson  was  ‘open’.  A 
difference of opinion arises, on the one hand the lesson is ‘very focused’ yet also the 
teacher is ‘letting them work on what they want’. 
41:08 TC:  I was aware there was a lot of richness 
    in what they were doing 
    and I was aware that a lot of them 
    would do some homework 
    taking things on a bit [5] 
    so there is a trust but it’s not [1] 
    blind trust 
41:42 TA:  no [.] it’s not blind faith is it 
    you know [.] you have some [1] 
    information 
And finally the teacher is seen as displaying ‘trust’ to run the lesson in the way he did 
– but it is not ‘blind trust’. 
In his responses to students then, the teacher is seen to be steering a path 
between a series of dichotomies: making his own decisions/being led by students; 
letting  students  take  the  lesson/giving  guidance;  being  open/being  single  focused; 
trusting/not having blind faith. If every decision has these (and presumably many 
other) dimensions, as a teacher how do I decide on the ethical course of action in 
every moment? It is clear to me, through introspection, this cannot be via rational 
calculation. It is in the middle space between these opposites that we display our 
ethical expertise as teachers. 
 
Conclusion – developing ethical expertise 
As described earlier in this paper, from an enactivist standpoint learning cannot be 
separated from perception. So what it means to develop ethical expertise as a teacher 
is literally an altering, or expanding, of what we are able to see in a classroom. I am 
reminded of sitting at the back of the classroom of a PGCE student and noticing an 
opportunity for mathematical thinking and exploration in what a student said, that was 
passed  up  by  the  teacher.  As  an  expert  in  the  community  of  the  mathematics 
department I am able to make distinctions that are not yet available to the initiate. The 
distinctions simplify the complexity of e.g., running a class discussion. I do not need 
to  engage  in  rational  deliberation  about  how  to  respond  to  this  student.  Their 
statement (which was a conjecture about the task at hand) literally stands out from 
everything else going on at that moment; I am aware of rising energy levels inside 
myself and a motivation to give space to this student’s ideas.  
The  presence  of  a  more  experienced  ‘other’  in  the  process  of  learning  is 
frequently invaluable. It is easy to talk about staying alive to our perceptions or being 
vulnerable to the new, but it is harder to do. There must be some disturbance that 
provokes an awareness that there may be more to observe – that forces us to question 
whether what we see is the final word on the situation. Aristotle’s (~340BCE/1980) 
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would do spontaneously, until your own desires begin to coincide with what is ethical. 
Our ways of seeing the world tend to be self-reinforcing – the PGCE student in the 
story  above  may  conclude  that  his  students  are  not  effective  at  thinking 
mathematically. And as experts in a community it is easy to fall into habits that blind 
us to change. 
The development and exercise of ethical expertise implies a continuing stance 
of learning and questioning with respect to one’s own practice. The teacher-meeting 
from which quotations have been taken for this paper is one mechanism teachers at 
Kingsfield have found to be powerful in terms of this continual raising to awareness 
of other possibilities for action. In these meetings we watch a section of around three 
minutes of a lesson of someone in the department teaching. The sections selected are 
generally during a whole class discussion, when there are significant contributions 
from students. Time and again I am struck by how much there is to see in such small 
clips, and also how differently they can be viewed. The purpose can never be to teach 
in the same way or see the same thing; but through engaging in trying to see what 
others see, we are implicitly reflecting on and developing what as a community of 
teachers  we  value,  and  we  are  in  the  (unending)  process  of  developing  our  own 
capacity to respond ethically in each moment of a lesson. 
 
References 
Aristotle. ~340BCE/1980. The Nicomachean Ethics. Oxford: Oxford University 
Press. 
Bauman,  Z. 1993. Postmodern ethics. Oxford: Blackwell. 
BERA. 2004. Revised Ethical Guidelines for Educational Research. Nottingham: 
BERA. 
Canadian Institutes of Health Research, Natural Sciences and Engineering Research 
Council of Canada, Social Sciences and Humanities Research Council of 
Canada. 1998, with 2000, 2002, 2005 amendments. Tri-Council Policy 
Statement: ethical Conduct for research Involving Humans. Ottawa: 
Interagency Secretariat on Research Ethics. 
Coles, A.,  R. Barwell. 2007. Mathematics teaching and the research process: an 
ethical conversation. For the Learning of Mathematics 27,  no. 3: 38-41. 
Edwards,  R., M. Mauthner. 2003. Ethics and feminist research: theory and practice. 
In Ethics in Qualitative Resesach Mauthner, ed. M. Birch,  J. Jessop,  and T. 
Miller. London: Sage. 
ESRC. 2005. Research Ethics Framework. Swindon: ESRC. 
Kant, I. 1785/1997. Groundwork of the Metaphysics of Morals. Cambridge: 
Cambridge University Press. 
Lao Tzu. ~570BCE/1963. Tao Te Ching. London: Penguin Books. 
Mill, J. 1871/2004. Utilitarianism. England: Kessinger Publishing Company 
Noddings, N. 2005. Identifying and responding to needs in education. Cambridge 
Journal of Education 35, no. 2: 147-159. 
Reid, D. 1996. Enactivism as a methodology. In Proceedings of the 20th Conference 
of the International Group for the Psychology of Mathematics Education, ed. 
L. Puig and A. Gutiérrez, Vol. 4 203-209. Valencia, Spain: Universidad de 
Valencia. 
Varela, F. 1999. Ethical know-how: action, wisdom and cognition. Stanford, CA: 
Stanford University Press. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
From Informal Proceedings 29-2 (BSRLM) available at bsrlm.org.uk © the author - 25 
 
A study of primary student teachers’ mental calculation strategies  
Sue Davis 
University of Leicester 
Ten years after the introduction of the National Numeracy Strategy, in a 
major review of the teaching of mathematics in Early Years settings and 
primary schools, Williams has called for a refocusing on oral and mental 
maths in order to particularly benefit under-attaining groups of children 
(DCSF  2008).  One  major  aspect  of  this  ‘oral  and  mental’  area  of 
mathematics  is  for  children  to  know  a  range  of  mental  calculation 
strategies and be able to choose and use the most effective method for any 
given calculation (DfEE 1999). In this paper I discuss the findings of an 
initial pilot study into the strategies used by five student teachers, and the 
impact of my intervention on their practice in school. 
 
Keywords: Primary, Students, Mental 
 
Introduction 
‘Recommendation 10: This review recommends a renewed focus by practitioners 
on ‘oral and mental mathematics’. Providers of ITT and CPD should ensure that 
this practice receives careful attention, both during ITT and in CPD programmes.’ 
(DCSF 2008, 66) 
The introduction of the National Numeracy Strategy (NNS) Framework (DfEE 1999) 
brought together recommendations (e.g. Plunkett 1981, cited in O’Sullivan et al 2005; 
DES  1982)  to  improve  children’s  mental  calculation  strategies.  The  Framework 
suggested that a designated time each day, usually at the beginning of the ‘numeracy 
hour’, should be set aside to rehearse and refine these skills. Ten years later, in a 
major review of the teaching of mathematics in Early Years settings and primary 
schools, Williams has called for a refocusing on oral and mental mathematics in order 
to  particularly  benefit  under-attaining  groups  of  children  (DCSF  2008).  The 
recommendation shown above states this clearly. One major aspect of this ‘oral and 
mental’ area of mathematics is for children to know a range of mental calculation 
strategies and be able to choose and use the most effective method for any given 
calculation (DfEE1999). If this is the case, how are we preparing the new generation 
of teachers to successfully enable the children to learn these skills? 
There are numerous reasons for this need to improve mental calculation skills 
and strategies, some of which will be considered later. My concern is that our current 
student teachers may not have these skills themselves, so how can we expect them to 
teach  this  fundamental  area  of  mathematics  effectively?  Moreover,  how  can  we 
develop these skills during a brief Post Graduate Certificate of Education (PGCE) 
course? I suggest that if we increase the range of mental calculation strategies of 
student teachers, this should have a positive impact on the way they teach children. I 
conducted a small-scale study with a group of five PGCE students in their last term of 
training, in order to answer the following questions: 
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2.  Can my intervention enable the students to learn a range of mental 
strategies and use them effectively? 
3.  Are the students confident in their own abilities to teach a range of 
strategies? 
The Study: Context and Methods 
The  students  who  were  focused  on  for  this  study  included  three  mature 
students who had primary aged children of their own who I will refer to as Carol, 
Donna and Ellie and two who did not (Ann and Belinda). At the beginning of the 
session the students completed a simple questionnaire to ascertain whether they felt 
they  knew  a  range  of  strategies  and  whether  they  felt  confident  teaching  mental 
mathematics. Similar questionnaires were completed at the end of the session to note 
any  changes  in  confidence  and  knowledge  following  my  intervention.  Fifteen 
questions were asked in a ‘test’ situation, covering all four operations (+, - , x, ÷) and 
each was displayed on an individual PowerPoint slide for a limited time. Results were 
recorded in writing. During the session a range of calculation strategies were taught, 
discussed and practised and the whole session was audio taped. This was followed 
five weeks later by further questionnaires and a shorter teaching session. 
Examples of strategies used initially by the students 
Question: 483 + 89 
 
Donna immediately knew that she would like to add 90 then adjust her answer 
by  1  but  she  didn’t  like  crossing  the  hundreds  boundary.  Ellie  would  not  have 
attempted this mentally, she would have written it down in a vertical format. Belinda, 
the youngest student, immediately turned this into 482 + 90. She then split the 90 into 
20 and 70, having calculated that she needed 20 to add to the 482 to get to the nearest 
hundred (502) from where it was easy to add on the remaining 70 (572). There was no 
final adjustment needed as she had deducted one from 483 at the beginning, knowing 
that if she added one to the 89 to make 90 she needed to deduct one from the 483 to 
keep  the  calculation  exactly  the  same.  I  feel  this  whole  method  showed  a 
sophisticated  understanding  of  the  number  system  and  a  confident  approach  to 
manipulating numbers for ease of calculation. 
Ann (second youngest) approached this calculation differently by rounding to 
the nearest 100 and adjusting. She clearly felt that 89 was close enough to 100 to 
make this strategy work so quickly added 100 to 483 (583) then subtracted 11 by 
partitioning into 10 (573) and 1 (572). The entire group agreed that this method would 
be the most efficient. 
 
Question: 58 – 34 
The students all used different methods for this calculation. Belinda deducted 
the 4 (54) then 30 (24). Ellie added on from 34 to 58 (34 + 20 = 54.  54 + 4 = 58.   20 
+ 4 = 24). Carol subtracted 30 from 50 and 4 from 8 then added the results together 
(50 – 30 = 20.   8 – 4 = 4.   20 + 4 = 24) although this prompted a discussion on 
possible misconceptions if, for example, this had been 54 – 38. Belinda again made 
this calculation more manageable by rounding the 58 up to 60 then subtracting 30 and 
adjusting (60 – 30 = 30.   30 – 4 = 26.   26 – 2 = 24). 
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Initial Findings 
In all cases the students felt they had increased their knowledge of mental strategies 
and they believed their confidence in teaching mental mathematics had grown by the 
end of this session. Some actually achieved less well on the test at the end of the 
taught  session  than  on  the  initial  one  but  attributed  this  to  trying  to  use  the  new 
strategies they had just been taught and were yet to become familiar with.  
Having  started  to  analyse  these  results  I  began  to  reflect  on  the  students’ 
understanding of mental calculation strategies and the way that I had taught these. 
Their limited range of strategies before my intervention, combined with their inability 
to answer all the questions accurately using these ‘new’ methods, led me to decide 
that  these  students  would  benefit  from  more  practice  with  the  range  of  methods, 
combined with more practice at selecting the most appropriate method. I therefore 
planned a second intervention to extend my research questions. I was also interested 
to know what effect, if any, the first session had on their teaching during the final four 
weeks of their placement.  
Second Intervention: Methods 
The same students attended a shorter teaching session five weeks after the first one. 
On  this  occasion  the  strategy  I  used  involved  them  completing  a  calculation 
themselves then discussing both their own methods and alternative methods which I 
had offered to them. This was far less didactic than the initial teaching session and I 
hoped  that  it  would  enable  the  students  to  develop  a  deeper  knowledge  and 
understanding. They also completed a questionnaire reflecting on both sessions and 
identifying any impact resulting from the first one. It is important to note that the 
students were not aware that this second intervention would be taking place so I feel 
confident that any impact resulting from the first session was genuine. 
Findings  
The most significant impact appeared to be on the need to learn doubles and halves 
rather than any other skill, as the students could see the wide range of uses of this 
from adding near doubles to multiplying and dividing by 5 or 20. Donna had been 
encouraging her own children to practice mental strategies, and had noticed that she 
was  using  doubles  far  more  in  her  daily  life.  She  had  particularly  noticed  the 
importance  of  learning  doubles  by  heart,  in  order  that  they  can  be  used  within  a 
number of strategies, and this had directly led to her teaching doubles up to double 5 
with  Foundation  Stage  2  (age  4-5),  and  up  to  double  20  with  Year  1  (age  5-6) 
children. Her response to my question about the impact of my two sessions on her 
future teaching was very positive, showing that she understands the benefit of using 
different strategies even with very young children.  
Ellie had also been using doubles and halves on her final placement, as a 
direct result of the previous session. She had devised a selection of games to play with 
her  Year  3/4  class  and  reported  that  they  had  been  very  successful.  She  felt  that 
during the two sessions she had developed her ability to identify children’s mistakes 
in their methods, as she now had a wider repertoire of strategies that she understood. 
All  of  the  students  felt  that  the  two  sessions  had  an  impact  on  their  own 
learning and their confidence in teaching, and four explicitly recorded the usefulness 
of the first session as a reason for attending the second. From my own experience I 
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using effective, but possibly not efficient, methods. This is supported by the findings 
of both Goulding et al (2002) and Huntley (2005). In addition, Donna and Carol 
commented on the balance of pedagogical approaches used in the sessions which 
would transfer to their classroom situations. This is a useful observation as Shulman 
claims that ‘it is not only knowledge of content but also knowledge of how to teach 
content that influences teachers’ effectiveness’ (cited in Hill et al 2005, 377). 
Conclusions 
This study has led me to believe that just a small amount of input for student teachers 
can have a large impact on their understanding, knowledge and ability to focus on 
these key strategies in school. These students all brought a range of mental strategies 
with them, many of them being used very effectively.  However, they all agreed that 
being aware of a wide range of strategies was a key skill for their own teaching (to 
understand children’s methods) and for children’s learning (so that they can select the 
most effective and efficient strategy). Following the first session three out of the five 
students chose to include mental maths in their teaching, despite this not being part of 
their original planning. This indicates to me that once strategies have been taught, 
time can be found within the maths lesson to rehearse them. 
A second conclusion that can be drawn is that there is a direct link between a 
student’s  own  subject  knowledge  and  their  confidence  in  teaching  the  topic,  as 
suggested by Huntley (2005) and Goulding et al (2002). This does not necessarily 
mean that the students are competent at teaching it; a further study would be needed 
to establish whether there is a link between confidence and competence. 
Williams  recommends  ‘a  renewed  and  sharper  focus  on  the  use  of  mental 
mathematics’ (DCSF 2008, p.66) and I believe that there is a key issue that Initial 
Teacher Education and Continuing Professional Development programmes need to 
consider  in  order  that  this  will  be  done  effectively.  There  needs  to  be  an 
acknowledgement that qualifying student teachers do not necessarily know the wide 
variety of strategies which are clearly set out in the Numeracy Framework (DfEE 
1999). If my sample is representative of all student teachers, what are the implications 
for current teachers, particularly those recently trained? I suggest that there is much 
work still to be done. 
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Representational strategies of students with difficulties in mathematics: 
responses to a 'Cartesian product' problem  
Carla Finesilver 
Institute of Education, University of London 
This paper explores aspects of representation in students' responses to a 
'Cartesian  product'  problem  presented  in  story  form  (Nunes  &  Bryant, 
1996),  and  is  based  around  multimodal  data  taken  from  my  current 
doctoral research project, including scans, photographs and transcriptions. 
Twelve students were in KS3 mainstream education, one in KS4, and had 
been identified by their mathematics teachers as the lowest-attaining in 
their  respective  year  groups,  displaying  significant  difficulties  with 
mathematics.  No  task-specific  materials  were  provided,  but  paper, 
coloured pens and multilink cubes were available for students to use if 
they  wished.  Representational  strategies  included  colourful  pictorial 
depictions of the items, physical models both with and without movement 
into different configurations, and some abstract notations. I am currently 
developing  a  framework  for  analysis,  with  aspects  to  be  addressed 
including the level of abstraction found in each of the representations, the 
ease with which students chose or created strategies, identification of any 
changes in representational strategy that took place during the task, and 
the types of support that students required for successful task completion. 
Keywords: secondary mathematics; numeracy; Special Educational Needs, 
visual representation/communication 
Introduction 
In  Children  Doing  Mathematics  (1996),  Nunes  and  Bryant  describe  a 
particular type of multiplicative situation which they refer to as a Cartesian product 
problem. This particular type of problem has been thought (for example, by Brown, 
1981, and Nesher, 1988) to be particularly difficult for children. It is most easily 
described by example, e.g.:  
Mary has three different skirts and four different blouses; how many different 
outfits can she wear by changing around her skirts and blouses? (Steffe, 1994, in 
Nunes & Bryant, 1996)  
Nunes  and  Bryant  (1992,  in  N&B  1996)  observed  32  8-  and  9-year-old 
children solving a set of multiplication problems, one of which was similar to the 
example  above.  The  numbers  involved  were  6  and  4,  and  some  materials  were 
provided: half the children received a complete set of miniature clothing items, while 
the other half received only a subset. The results indicate that these problems do seem 
to present difficulties for children: the 8- year-olds' success rate was negligible, while 
around 55% of 9-year-olds solved the problem with all materials. Nunes and Bryant 
recommend that "when children are able to solve simple one-to-many correspondence 
problems, it may be worthwhile to give them more complex problems, where the 
correspondence is not explicitly stated", for example Cartesian product problems. I 
followed  this  suggestion,  and  incorporated  an  'outfits'-style  problem  in  my  initial 
assessment sessions with students.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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My 'Holiday Clothes' task was based on the scenario of a child packing for a 
holiday. I retained the numbers (six and four) except in the case of one student with 
particularly weak numerical skills, when I reduced them to four and three. I wrote '6 t- 
shirts' followed by the list of colours, and similarly for trousers; I then gave two 
verbal examples of combinations (the blue trousers with the blue t-shirt and the blue 
trousers with the white t-shirt, chosen to reinforce the idea that each item could be 
used more than once). The main difference in my version of the task was that, in line 
with the larger project of which this is a part, I did not pre-prepare any problem-
specific  materials  for  students  to  use;  instead,  I  provided  coloured  felt-tips  and 
multilink cubes, and indicated that students could make use of these in any way they 
found helpful. 
Student responses to the task 
One Year 9 student, Wendy, used no external representations in her solution 
of the problem. However, it should be noted that this does not imply ease of solution; 
she  still  took  ten  minutes  to  arrive  at  the  correct  figure,  after  several  incorrect 
suggestions. From her verbal responses, it seems that she was making use of internal 
visual representation; however, discussion of internal representations is outside the 
scope of this paper. The other twelve students all used writing, drawing, modeling 
with cubes, hand gesture, or some combination of the above. Examples of students' 
work are organised in this manner for presentation. 
Writing 
Jenny began by choosing a colour combination and listing it both ways round 
[Fig.1]. At first, colours were not worked through systematically, but then clusters 
appeared, the list becoming more systematic as she continued, to the point where she 
looked for missing combinations from colour subsets. Jenny has made a key error in 
reversing the colours for all her t-shirt/trousers pairs, when it is not actually possible 
to do so; however, this could be taken as evidence of abstraction, the divorcing of the 
mathematical aspect of a problem from its original 'physical' scenario.  
It is surprising that Tasha chose a written strategy [Fig.2] as she generally 
preferred working with cubes. At several points she requested and received help; for 
example, when she found the writing too laborious, I suggested a table. She became 
frustrated on repeatedly asking if it was “finished yet” when it was not. However, 
Figure 3: Jenny Y7 
Figure 2: Tasha Y8  
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when I asked if she had all the different outfits that included a blue t-shirt, she quickly 
completed the set, then checked and complete the rest in a quite systematic manner. 
  Danny  paused  for  a  minute  to  consider  the  problem,  then  worked 
without  support.  His  response  [Fig.3]  differs  clearly  from  the  two  other  written 
strategies in that it shows an immediate grasp of the problem's Cartesian structure, as 
demonstrated in the orderly progress of combinations from the start. However, two 
points  are  of  particular  interest.  Firstly,  there  is  clearly  a  distinction  to  be  made 
between (a) comprehending the structure of the problem and (b) realising that all that 
needs to be done is to calculate six times four. This is perhaps not obvious.  
Drawing 
Oscar's (unfortunately unfinished) piece [Fig.4] represents five minutes spent 
on the task without pause or comment. Other than beginning with 'matching' pairs, 
there does not appear to be any pattern in the combinations listed.  
Kieran [Fig.5] barely paused between the first four drawings, then made a 
significant strategic change and reduced the amount of drawing necessary by drawing 
the four colours of trousers below each t-shirt. His solution shows 18 outfits, and the 
lesson ended before he could check his work thoroughly.  
Although  George's  mode  of  representation  [Fig.6]  is  drawing,  there  is  a 
fundamental  difference  between  his  and  the  previous  two  (or  in  fact  any  of  the 
responses seen so far), in that he does not represent the individual clothing items at 
all, but draws the relationships between them. As with Danny, he demonstrated a 
grasp of the problem's Cartesian structure, and was able to represent the problem 
scenario in a more abstract way; however, again, this did not lead to a numerical 
calculation. George's difficulties are apparent, with some links missing or repeated, 
errors which he was unable to see without my support. This suggests perhaps some 
kind of issue with visual processing (an area for future investigation).  
Figure 6: Oscar Y9 
Figure 5: Kieran Y7 
Figure 4: George Y8 
Figure 7: Sidney Y9  
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Modelling 
Sidney had only a short time on the task. He began by listing two pairs in 
written  format,  then  asked  to  use  cubes.  He  then  made  the  pairs  shown  [Fig.7]. 
Although the visual stimulus of coloured cubes was instrumental in Sidney's progress 
with  the  task,  a  potential  issue  is  highlighted  in  the  fact  that  with  two  modes  of 
representation in use (effectively, one for thinking about the problem and one for 
recording), there is the constant need to translate between them, and in this case, a 
translation error occurred. Thus multiple representations can be both a help and a 
hindrance.  
Harvey began by listing four pairs of clothing items [Fig.9] before stopping. 
His  first  few  answers  included  both  valid  and  non-valid  items  (e.g.  red  trousers), 
which I pointed out. On his request for help, I offered a prompt by taking 10 cubes, in 
two groups corresponding to the 6 t-shirts and 4 pairs of trousers, then placed a black 
cube next to cubes of the different t-shirt colours in turn, reinforced verbally. After 
this, he was able to use this system of picking a t-shirt colour and completing the set 
of four, with occasional prompts. When he reached the end of his list, he immediately 
said "Finished!" with confidence, which indicates to me that he was aware that all the 
possible combinations were now exhausted. 
Paula tended to find multiplicative structures extremely hard, so I  set her the 
Cartesian product problem with smaller numbers, and was prepared to give her a 
higher level of support, which was indeed required. I drew a table for her [Fig.10], 
and demonstrated how she might write combinations. As she suggested combinations, 
I made them from pairs of cubes. Paula did not recognise that there would be any 
pattern governing the list of possible combinations, so was unable to systematically 
check for 'missing' combinations. My response was to place all the cube pairs in a 
visuo-spatial  sequence,  arranged  by  colour  [Fig.11].  I  left  gaps  in  the  appropriate 
places, explained that some combinations were still to find, and first asked "What 
should go here?", then made my questioning more explicit, verbally and gesturally, in 
reference to the pattern of colour pairs, i.e. "We have the blue t-shirt with the blue 
trousers, the blue t-shirt with the green trousers; what else must the blue t-shirt go 
with?" At this point she was able to identify the remaining combinations.  
Other responses 
Figure 11: Harvey Y7  
Figure 10: Paula Y10 
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Ellis was the fastest student to complete the task, taking around two minutes. 
He saw the Cartesian structure of the problem quickly, but like Danny and George, 
did not recognise it as six times four. His representation was of the relationships 
between the two sets of items, but rather than draw in the links as George did [Fig.6], 
he simply used a finger to trace them out, counting aloud as he did so.  
  In  some  of  the  previous  examples,  students  made  strategic  changes 
during  their  completion  of  the  task,  to  work  more  systematically  or  efficiently. 
However, two students (in a paired session) made distinct changes in representational 
mode without suggestion from me, discarding their original strategies.  
Leo began by choosing to draw [Fig.12]. However, he ran into difficulties 
because  his  favourite  pen  was  a  four-colour  ballpoint  and  he  would  not  use  my 
coloured pens. (It is noted that Leo is listed on his school's SEN register as having 
Asperger  Syndrome.)  He  chose  to  switch  to  cubes  [Fig.13].  However,  during  the 
making  of  his  elaborate  models,  he  was  taken  by  the  idea  that  they  looked  like 
'Transformers', and started to play with them, after which it was not possible for me to 
draw him back to the mathematical task.  
Vinny began with an elaborate drawing, both coloured-in and labeled [Fig.14]. 
He  reduced it to 'swatches' of colour, but also writing the names of the items in the 
appropriate colour [Fig.14-15]. He then decided just to write down the outfits, but 
requested my help. I drew the table [Fig.15], including his outfits so far, after which 
he was willing to take over the writing. It is possible to see the emergence of system, 
with his listing together all the 'green top' pairs.  
Aspects for analysis 
Many of the representations in my research are co-created by students and 
myself, and so it is highly relevant the parts of each representation which may be 
attributed  to  student  and  to  teacher/researcher,  in  addition  to  which  there  are  any 
verbal prompts offered. As support was given to some students in their completion of 
the task, the nature of this must also be considered: in this case whether it related to 
understanding the structure of the task, to the recording of combinations or to their 
enumeration. 
Figure 13: Leo Y7  Figure 12: Leo Y7 
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Two aspects of representational strategy have already been mentioned: Mode 
and Media. On this task the modes of representation used were writing, drawing, 
modelling,  gesture,  and  the  media  employed  pen  &  paper,  and  cubes.  When 
considering  the  gestural  mode,  it  may  be  useful  to  think  of  hands  and  anything 
currently held in them as media for gestures. In addition, many other aspects are 
emerging from the data collected, and I am currently developing a full analytical 
framework. Probable dimensions of analysis include the following: 
 
Motion.  Modelled  representations  in  particular  may  be  static  (e.g.  Paula, 
Fig.11)  or  include  motion  (e.g.  Harvey,  no  photograph).  In  this  task,  both  have 
advantages: the static model gives an immediate image of all combinations, with the 
colours enabling visual pattern-spotting, whereas using one cube per clothing item 
was closer to the actual task situation, but required notating in some way (assuming 
the multiplicative structure had not been recognised). 
Completeness.  On  this  task,  completeness  refers  to  whether  a  complete 
solution  set  of  combinations  was  required  to  be  present  and  visible  for  the  total 
number  to  be  found.  This  can  refer  to  whether  all  combinations  are  visible 
simultaneously  (as  in  previous  examples),  or  to  whether  a  student  working 
systematically  through  the  combinations  needed  to  write  out  the  complete  list,  or 
'jumped' to the answer at a certain point and left the representation 'incomplete'. Note 
that  completeness  is  not  a  positive  attribute  or  the  opposite,  'incompleteness',  a 
negative one (e.g. Danny, Fig.3, who did not need to write a complete list to work out 
the answer). 
Resemblance. This refers to how much the working representation visually 
resembles the situation specified in the original task presentation. For example, it may 
be pictorial (e.g. Fig. 14, where Vinny draws a man wearing the clothes), iconic (e.g. 
Fig.5, where Kieran draws simplified t-shirts and trousers), symbolic (e.g. Fig. 7, 
where Sidney uses a blue cube to stand for 'blue clothing item'), or schematic (e.g. 
Fig. 6, where George draws the relationships between the items rather than the items 
themselves). 
Consistency. A representational form may be used consistently from start to 
finish,  or  the  student  may  make  changes  during  the  representational  process  (e.g. 
Kieran,  Fig.  5,  changing  from  drawing  individual  t-shirt/trousers  pairs  to  a  more 
efficient grouped format). Thus, like completeness, consistency is not necessarily a 
positive attribute. 
Concluding remarks 
Analysis  is  currently  at  an  early  stage,  but  already  it  is  clear  that  these 
students,  selected  for  their  low  prior  attainment,  are  capable  of  great  variety  and 
inventiveness  of  approach  to  tasks,  and,  with  encouragement  and  the  right 
representational support, can engage with more sophisticated arithmetical structures 
than might be expected. 
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Engagement, abstraction and visualisation: Cognitive and emotional aspects of 
Year 2 mathematics undergraduates’ learning experience in Abstract Algebra 
Marios Ioannou and Elena Nardi  
University of East Anglia, Norwich 
Abstract Algebra is considered by students as one of the most challenging 
topics  of  their  university  studies.  Our  study  is  an  examination  of  the 
cognitive, social and emotional aspects of mathematics undergraduates’ 
learning experience in Abstract Algebra. Our data consists of: observation 
notes and audio-recordings of lectures and group seminars of a Year 2 
course; student and lecturer interviews; and, coursework and exam papers. 
Here we offer some observations on the students’ apparently diminishing 
engagement over the ten weeks of the course. Particularly we exemplify 
from their comments on the effect that the abstract, not easily visualisable 
nature of Abstract Algebra has on their relationship with the topic. 
BSRLM Keywords: undergraduate mathematics education, student 
engagement, Goldin’s theory of affect, visualisation, Abstract Algebra 
 
Introduction 
Abstract Algebra is one of the mandatory courses taught usually in the second year of 
a Bachelor degree in Mathematics and is typically considered by the students as one 
of the most challenging ones. Often, after their first encounter with Abstract Algebra, 
students  tend  to  avoid  third-year  or  further  courses  in  this  area  of  mathematics. 
Previous  research  (e.g.  Nardi,  2001)  attributes  student  difficulty  with  Abstract 
Algebra to its multi-level abstraction and the less-than-obvious, to students, raison 
d'être of concepts such as cosets, quotient groups etc.  Furthermore Abstract Algebra 
is  amongst  the  first  courses  in  which  students  are  not  able  to  cope  with  by  just 
memorising formulas or by “just learning ‘imitative behavior patterns’” (Dubinsky et 
al, 1994, p268). Additionally, the students’ introduction to the novel ideas of groups 
and rings takes place in the unfamiliar academic context of large-scale lectures. This 
unfamiliarity is likely to exacerbate their difficulty with the topic (Mason, 2002, p52). 
Also, as it is often suggested by research (e.g. Millet, 2001), lecturing to large student 
audiences has an arguable effect on student engagement. 
The ongoing study we draw on here aims to examine closely mathematics 
undergraduates’  learning  experience  in  Abstract  Algebra.  We  are  particularly 
interested  in  the  intertwinement  of  cognitive  and  socio-affective  aspects  of  the 
students’  experience  since,  as  Goldin  (2000)  proposed,  affect  is  “critical  to  the 
structure of competencies accounting for success or failure” (p211). Here we offer 
some preliminary observations on the students’ apparently diminishing engagement 
over the ten weeks of a Year 2 Abstract Algebra course. We exemplify from their 
attempts  to  bestow  meaning  to  the  new  ideas  they  are  being  introduced  to. 
Particularly, and given that constructing appropriate visual imagery is often described 
in research as providing crucial support to this meaning-bestowing process (Zazkis et 
al, 1996), we highlight how their relationship with Abstract Algebra is affected by the 
difficulty to visualise. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Aims, context and data collection of the study 
The study – doctoral study of the first author – aims to examine closely as many 
facets as possible of Year 2 mathematics undergraduates’ introduction to Abstract 
Algebra. At the centre of our data collection is a course currently taught in a well-
regarded mathematics department in the UK. Data collection took place in the Spring 
Semester  of  a  recent  academic  year.  The  course  was  mandatory  and  78  students 
attended  it.    It  was  spread  over  10  weeks  and  there  were  20  hourly  lectures.  
Additionally to the lectures, there were 3 cycles of seminars, in Weeks 3, 6 and 10. 
The role of the seminars was mainly to support the students with their coursework.  
There were 4 seminar groups, with about 20 students in each. In each seminar group 
there  was  a  seminar  leader,  a  full-time  faculty  member  of  the  department,  and  a 
seminar assistant who was a PhD student. All members of the teaching team had 
related research interests. The students submitted the coursework at the end of the 
semester. This was marked and returned to them soon after. 
  In the lectures there was not much interaction between the lecturer and the 
students. The lecturer, a very experienced mathematician, was writing extensively on 
the chalkboard and was commenting orally alongside.  In the seminars the students 
were expected to work on problem sheets, distributed to them earlier in the preceding 
weeks, and arrive having prepared questions. They had the opportunity to ask the 
seminar leaders and assistants anything they had difficulty with and receive help. The 
lecturer was also available during ‘office hours’ for the same purpose.  
  Data was collected by the first author and consists of:  
1.  Lecture  observation  notes.  These  covered:  record  of  student  attendance; 
instances of interaction between the students and the lecturer; verbal, body or 
other  evidence  of  student  (dis)engagement  and  emotional  response  to  the 
lecture; and, general observations of lecturer and student behaviour. 
2.  Lecturer notes: notes of what the lecturer was writing on the blackboard. 
3.  Audio-recordings of the 20 lectures. 
4.  Audio-recordings of 24 seminars (2 recorders in each of the 12 seminars; 
one on the seminar leader and one on the seminar assistant) in which we have 
captured  all  conversations  with  students  during  which  they  predominantly  
discuss difficulties with certain items in the problem sheets.  
5.  Interviews with 13 out of the 78 students who made themselves available on 
a voluntary basis, the 4 seminar leaders and assistants and the lecturer. 
There were three cycles of interviews, at the beginning, the middle and the end 
of  the  course,  in  which  students  discussed  their  learning  experience  in 
Abstract Algebra. The discussions with the lecturer, who was also one of the 
seminar leaders, covered learning and teaching issues as well as institutional 
and administrative issues.  Interviews with the seminar leaders and assistants 
were mostly about their discussions with the students during the seminars, and 
their general views on pedagogical issues. 
6.  Student coursework.  Students were given three problem sheets in Weeks 2, 
5 and 9. They had to work on these before the seminars on Weeks 3, 6 and 10.  
They had to work on all problems, but they had to hand in only a selection of 
these in Week 12. The selection of problems to be assessed was announced to 
them after each seminar. 
7.  Marker (seminar assistant) comments on student coursework. 
8.  Student examination scripts collected at the end of the academic year. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Preliminary data analysis: diminishing student engagement 
Data analysis is currently in progress. At the time of writing a preliminary scrutiny of 
the lecture data (audio recordings and notes) has led to the following list of themes 
which we will explore further across the data from the above listed sources:  
1.  the apparently diminishing student engagement over the ten weeks of the 
course;  
2.  the variable learning effectiveness of exemplification in the lectures;  
3.  the variable learning effectiveness of visualisation in the lectures;  
4.  the limited interactivity in the lectures; 
5.  the variable effectiveness of the lecturer’s strategies for introducing new 
concepts; 
6.  the variable effectiveness of the lecturer’s tendency to introduce non-linear, 
spirally  structured  arguments  (of  the  ‘flash  back’  and  ‘flash  forward’ 
types); 
7.  the strong link between Linear and Abstract Algebra and the problems that 
emerge from the students’ difficulty to establish and sustain this link; 
8.  the, often elusive to the students, potential significance of the running oral 
commentary that supplements the lecturer's writing on the board. 
Here  we  focus  on  the  first  theme.  For  this  purpose  we  draw  on  the 
observation  notes  taken  during  the  lectures  and  on  the  student  and  lecturer 
interview transcripts. 
  Our claim about the diminishing student engagement over the ten weeks of the 
course is grounded on three sets of observations: 
1.  Pathology of Absence  
The number of students attending was gradually and significantly decreasing 
as the course was progressing.  At the beginning of the course the attendance 
was around 80%. It gradually reduced to 60% and towards the end it was 
occasionally  less  than  50%.    In  Lecture  15,  the  lecturer  circulated  an 
attendance  sheet  and  the  present  students  were  45  out  of  78.  Despite  this 
measure – even to the lecturer’s surprise as expressed in one of the interviews 
– attendance was further reduced after this incident.  
2.  Pathology of Presence  
As  the  lectures  progressed  students’  body  language  suggested  increasing 
disengagement,  difficulty  to  follow  the  lecturer  and  lack  of  focus.  Most 
usually, this was evident in their talking with their peers. This often distracted 
the lecturer and those from the audience trying to follow him.  For example, in 
Lecture 14, when the Euclidean Domains were introduced, audience noise was 
particularly high and throughout the lecture there is not even one instance of 
exchange between the lecturer and the audience. 
3.  Explicit Student Expression of Emotion 
Direct  expressions  of  emotion  increased  gradually  in  frequency  and  power 
over the three cycles of interviews.  
Below we sample these expressions of emotion. Before doing so however we 
introduce briefly an adaptation of Gerald Goldin’s (2000) theory of affect, which we 
are currently finding useful when examining these data. Our emphasis – much like 
Keith Weber’s (2008) – is on student affective responses to material they see in the 
lectures and during engagement with coursework. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
From Informal Proceedings 29-2 (BSRLM) available at bsrlm.org.uk © the author - 38 
 
Goldin’s Theory of Affect and other related literature 
Goldin (2000) describes affect in mathematics in terms of four elements: beliefs and 
belief  structures;  attitudes;  emotional  states;  and,  values,  ethics  and  morals. 
Particularly  significant  to  our  study  is  his  notion  of  “local  affect”,  “the  rapidly 
changing states of feeling that occur during problem solving – emotional states, with 
their  nuances”  (p210).  Goldin  describes  eight  such  emotional  states  and  several 
possible ways in which these affective states may lead to certain problem-solving 
strategies.  Our  data  partly  refers  to  problem-solving  –  as  much  of  the  student 
experience in Abstract Algebra revolves around their engagement with the problem 
sheets.  However  our  data  also  involves  direct  evidence  of  students’  affective 
responses to Abstract Algebra (for example in the lectures and the seminars) as well 
as accounts of these affective responses (for example in the interviews). Through our 
data analysis we are exploring whether, and how, Goldin’s model may be expanded 
towards accounting for a wider spectrum of students’ learning experiences, not just 
strictly problem-solving related ones.  
According to Goldin (2000) at the first stage of problem solving the student is 
likely  to  experience  feelings  such  as  curiosity,  puzzlement  or  bewilderment.  
Following this there are two possible affective pathways. [We use the term affective 
pathway to mean “a link between one’s affective and cognitive representation systems 
(i.e. a consistent cognitive response to an emotional state).” (Weber, 2008, p82)]: 
favourable (i.e. emotions of encouragement, pleasure, elation and satisfaction) and 
unfavourable  (i.e.  emotions  of  frustration,  anxiety  and  fear/despair).  These 
pathways  in  local  affect  lead  to  global  affective  structures  such  as  specific 
representational schemata, general self-concept structures as well as (particularly the 
second pathway) self/mathematics/science/technology resentment. 
Weber  (2008)  suggests  that  these  affective  pathways  may  be  self-
strengthening if their duration is long.  A repeated emotional experience is possible to 
cause stable attitudes and beliefs that may be related to particular cognitive responses 
(Goldin, 2000). Moreover, as suggested by Weber, mathematical understanding is 
organic, since, when students feel that they have achieved some understanding in one 
mathematical topic and consequently they find it pleasurable, they want to extend 
their understanding with regard to this and other mathematical topics. 
The role of lectures in shaping students’ affective responses is essential, since 
it is primarily in the lecture theatre that the students are first exposed to the new 
material that later on they need to work with.  Claudi Alsina (2001) observes that 
some typical approaches to lecturing (such as prioritising deduction over induction in 
the lecture organisation) may have adverse effect on student affective responses to the 
material and therefore their engagement. For example, we agree with Mason (2002) 
that the lecture is there to “engage students’ thinking and attention, not to show how 
much you can cover” (p45). There are several instances in our lecture data in which 
the lecturer, in his effort to cover the required material for the course, appears to give 
less  priority  to  the  students’  ability  to  follow  his  pace.  For  example,  especially 
towards the end of the course, some of his lectures were particularly dense with new 
definitions and theorems. 
In what follows we sample from a set of 89 explicit statements of emotion, 
made  in  the  39  interviews  conducted  with  13  of  the  78  students.  A  rough 
categorisation of these suggests statements directly related to the lectures, statements 
about  other  aspects  of  the  students’  learning  experience  (e.g.  coursework)  and 
statements referring to the nature of Abstract Algebra as a domain of mathematics. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Sample of student emotional responses in the encounter with Abstract Algebra 
Despite an often promising start, students, from some point on, appear to feel lost and 
attend lectures only to copy the notes on the blackboard. Their initial excitement 
gives way to puzzlement and, to some extent, resignation from effort to understand. 
“At first, it was easy, like with few lec – first few lectures, and even the first 
problem sheet, it was a bit easy, so you sort of like – oh, yeah, this is good, and 
you sort of like excited about it, and then – as soon as it’s getting harder, and you 
sort of like – go ahead and get a bit like – if you don’t get any excited any more, 
you just – oh, I have to go to the lecture, and sort of like – so you sort of like – 
you don’t looking forward to the lecture any more, and you sort of turn up, when 
the lecturer talking in the lecture, so you just sort of listen, and you copy?  But 
you sort of don’t understand what going on.” [CL3, 3
rd interview of Student CL] 
Similar emotions were reported with regard to experiencing other aspects of 
the course, such as coursework: 
“Um, I’ve – can sometimes get frustrated when I’m going through the problem 
sheet if I can’t do a question, like I might look at it like – a hundred times and still 
feel like I can’t do it and then obviously I start to feel frustrated, and – but then I 
might look at it in a different way and then find, that I’ve managed to do it, and 
then  obviously,  I  feel  like  quite  happy  that  I’ve  managed  to  do  that,  and  – 
obviously  that’s  quite  a  nice  feeling  to  actually  feel  like  you’ve  achieved 
something?  So... but obviously when – there are times when I feel like – I’m not 
going anywhere, I’m not getting anywhere, and then that’s when I – start to feel a 
bit black.  Yeah, so it’s hard but – I think all concepts of maths are quite hard, it 
just takes time...” [NT2] 
In the above quote what is noticeable – apart from the evident frustration – is 
also the substantial emotional impact of a successful problem-solving attempt. 
Beyond characterising the students’ response to lectures, coursework etc. the 
above  reported  emotions  extend  to  the  students’  relationship  with  the  subject 
matter of Abstract Algebra – for example, in terms of its less than evident to them 
‘logic’, ‘formulae’, ‘patterns’ and ‘methods’: 
“In the other courses there is some logic behind… For example in fluids and 
solids there was a certain logic behind the course… there are certain formulae, 
there are certain methods or patterns which we have to follow in order to solve the 
exercises… and in the rest of courses as well… in algorithms… there is some 
logic that you can follow…” [MO2] 
Or its increasingly, as the course progresses, abstract nature: 
 “It’s getting worse and I really hate, group – groups, um – I don’t – yes, I don’t 
really expect very much of it, I’ll just have a look at it and it – it’s just gonna be 
more and more... abstract, isn’t it…” [KL2] 
Or the fact it doesn’t always lend itself easily to visualisation: 
“Yeah, and like... in the – in the proofs as well, it’s like – oh, but the – that means 
this, and it’s just trying to understand just why that means that, and because I 
can’t see it in my head, and I can’t visualise it, it just – I don’t see why they’re so 
you know – like it goes and therefore this, and I’m just like – but why?” [KL2] 
 “LH:  I  find  it  hard  to  picture,  I  find  it  hard  to...  understand  what’s  really 
happening… what’s meant by certain things.  I thought when it first started, oh 
this is going to be ok, but then it just was like – with ideals and stuff, it was just 
really confusing, I was like, oh...[…] to be able to picture it in my head.” [LH3] 
In LH3’s statement the student’s cumulative local-affect experiences (initial 
optimism followed by moments of increasing frustration) have resulted, in this third Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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interview, in an overall sense of hardship and frustration. In this sense the difficulty to 
construct  pictures-in-the-mind  has  an  adverse  emotional  impact  on  the  student’s 
engagement with the subject (Ioannou & Nardi, 2009). 
While students (e.g. as evident in the interviews) repeatedly express – often 
with intense emotion – a need for ‘pictures’ that will illuminate the nature of the novel 
to them Abstract Algebraic objects, they are at the same time reluctant to attempt a 
construction of such images (e.g. as evident in the visual scarcity of their written 
work) or engage with the images on offer by their lecturers (e.g. as evident in the 
lecture observations). Our analyses currently explore whether issues such as student 
lack  of  experience/practice  with  visualisation  and  student  uncertainty  about  the 
mathematical  status  of  visualisation  lie  behind  this  reluctance;  and,  how  these 
cognitive and epistemological issues intertwine with the above recorded emotional 
ones. 
Next steps 
In  Goldin’s  terms  the  emotional  states  recorded  in  the  above  quotations,  while 
localised in terms of time (they are about specific moments) and in terms of context 
(they are about specific aspects of Abstract Algebra activity), may evolve into longer-
lasting,  globally  ‘unfavourable’  emotional  structures.  Subsequent  phases  of  our 
analysis will aim to trace these structures, and their impact on students’ competence 
in Abstract Algebra, across all other data sources (e.g. coursework and exam papers). 
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The influence of parental aspirations on students’ dispositions to study further 
mathematics in Higher Education 
Irene Kleanthous and Julian Williams 
University of Manchester 
The influence of parental aspirations on adolescent students’ dispositions 
to  study  further  mathematics  in  Higher  Education  (HE)  has  not  been 
investigated  thoroughly.  The  aim  of  this  PhD  study  is  to  investigate 
students’ perceptions of parental influence on their dispositions to study 
further maths both quantitatively and qualitatively. A scale was designed 
to measure students’ perceived parental aspirations, motivation to learn 
mathematics and maths self-efficacy. The questionnaire was distributed to 
300 students in Cyprus and the statistical results indicated that parental 
influence was not statistically significant (p=0.98). Moreover 22 students’ 
perceptions  of  parental  influence  were  examined  through  individual 
interviews. We argue that parental influence is subconscious and we draw 
on Bourdieu’s concepts of habitus and capital to discuss the findings. 
Keywords: maths self-efficacy, parental influence, dispositions, habitus 
 
Background Literature and Theoretical Framework 
There is a large body of literature emphasizing the importance of parental influence 
and its impact on students’ attainment and attitudes to mathematics (Fan and Chen 
2001). Students’ dispositions towards mathematics influence their decisions to pursue 
further studies in mathematically demanding courses in higher education (HE). The 
present study aimed to investigate parental factors affecting students’ dispositions to 
study further maths and the role of parental aspirations in particular. Despite the vast 
research  on  parental  involvement  in  primary  mathematics  (Campell  and  Mandel 
1990) there is a scarcity of research on parental influence on adolescent students. 
Students’ perceptions of parental expectations influence their attitudes towards maths 
and their achievement in maths (Aunola et al. 2003). We hypothesise the impact of 
parental influence on students’ decision making to study maths in HE is crucial. 
Bloom (1980) argues that parental involvement has been defined in practice as 
representing  many  different  parental  behaviours  and  parenting  practices  such  as 
parental aspirations for their children’s academic achievement and the conveyance of 
such aspirations to their children (cited in Fan and Chen 2001). Jacobs and Harvey 
(2005) define parental expectations as the amount of education that parents would like 
for their children to have ranging from finishing secondary education to postgraduate 
university degree. Moreover Wentzel (1998) defines parental aspirations as standards 
or goals for performance that organize and direct parents’ behaviour towards their 
children. Notably there is some inconsistency in the terminology used in the literature 
to define parental aspirations. 
A powerful theoretical concept that attempts to explain the impact of socio-
cultural background to a child’s scholastic development is that of cultural capital. The 
concept was introduced and developed by Bourdieu (1986; Bourdieu and Passeron, 
1990) who argued that different types of preferences, attitudes and behaviours are Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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differentially  valued  in  school  settings.  Bourdieu  (1986)  defined  capital  as  those 
resources  whose  distributions  defines  the  social  structure  and  whose  deployment 
figures  centrally  in  the  reproduction  of  that  structure.  Such  resources  are  not  just 
economic, but also social and cultural. ‘Economic’ capital consists of financial stock 
and  income  and  may  be  institutionalized  in  forms  of  inheritance.  ‘Social’  capital 
includes social networks and identities of individuals as member of social groups, 
which provide ‘connections’ as assets. ‘Cultural’ capital consists of a large number of 
types of cultural knowledge and possessions including educational credentials. Even 
though  in  introducing  the  concept  of  cultural  capital,  Bourdieu  did  not  focus  on 
school-family  interactions,  he  points  out  the  importance  of  class  and  social 
reproduction through the educational system. 
Methodology 
A mixed methods research design was implemented to investigate students’ perceived 
parental aspirations and influence on their dispositions to study further maths in HE. 
The sample of the study consists of 300 students attending upper secondary schools 
(lyceums)  in  Cyprus  who  completed  the  survey  and  22  students’  individual 
interviews.  A  questionnaire  was  designed  to  measure  students’  prior  maths 
achievement (MACH), motivation to learn mathematics (MOT), perceived parental 
aspirations (PAR), and maths self-efficacy (MSE).  
Students  self-reported  their  prior  maths  achievement  (a  grade  out  of  20). 
Schoenfeld’s  (1992)  scale  was  adopted  to  measure  students’  motivation  to  learn 
mathematics  (MOT).  Some  items  were  adopted  from  Marchant  et  al.  (2001)  to 
measure perceived parental aspirations (PAR) i.e. “My parents encourage me to do 
my best at school”. The PAR scale had 7 items with 4 point Likert-type responses 
ranging from 1 = Strongly disagree to 4 = Strongly agree. The items for the MSE 
scale were designed according to the mathematics curriculum for each year group. 
Students were asked to rate their confidence to solve each maths problem ranging 
from 1= Not confident at all to 4 = Very confident.   
Results 
Various regression models were built in the statistical package R to model Cypriot 
students’ dispositions (DISP) to study further mathematics in HE with PAR and other 
variables  as  explanatory  variables.  Students’  prior  math  achievement  (MACH), 
motivation  to  learn  maths  (MOT),  maths  self-efficacy  (MSE),  maths  course  and 
socio-economic status (SES) were included in the final model.  
 
Table 1:  Regression parameters for the final model built in R 
 
DISP ~ MACH + MOT  + MSE + PAR + MATHS.COURSE + SES  
   
  Estimate 
 
  Std.error  t- value  p-value 
 
(Intercept)   
MACH 
MOT 
MSE 
PAR 
MATHS.COURSE      
SES[T.low] 
SES[T.medium ]               
   
  -1.479072     0.674327      -2.193      0.0301 *   
   0.178119     0.039143      4.551     1.24e -05 *** 
   0.805316     0.129420       6.223     6.54e-09 *** 
   0.114814     0.138436       0.829      0.4085     
   0.004725     0.154264       0.031     0.9756     
  -0.640622     0.292117      -2.193      0.0301 *   
  -0.458178     0.275362      -1.664      0.0986 .   
  -0.443425     0.249913      -1.774     0.0784 .   
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Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1 
Surprisingly students’ perceived parental influence (PAR) was not statistically 
significant in any model for predicting students’ dispositions to study further maths 
(DISP) whereas other variables such as students’ prior maths achievement (MACH), 
motivation to learn maths (MOT) and maths course (Advanced or Core mathematics) 
were statistically significant as Table 1 exemplifies. 
Qualitative Data analysis 
The qualitative data of the study were coded in Atlas-ti. An open coding approach 
was adopted in order to identify the core categories of perceived parental influence 
that emerged from the interviews. The qualitative data of the study provide some 
explanations as to why PAR was not statistically significant in any of the models. 
Stauri explains why she wasn’t influenced by her parents to choose Advanced maths:  
 Interviewer: Did they tell you choose Advanced maths? 
 Stauri: No they never told me that because they knew I would never choose 
Advanced maths even if they beg me to. They know I don’t like maths so what 
can they say? I wouldn’t do well if I had chosen Advanced maths. 
Regarding their choices for future studies in HE, students tended to argue that 
their parents would support their decisions but ‘it is their choice’ if they are going to 
pursue further studies or not. 
They trust my choices. And they know they can’t change my opinion so I made 
my choices as I like. As long as I pass [the university entrance exams], as long as 
I study something… That’s my parents’ goal.  
While most students denied their parents’ influence on their choices yet it 
appeared  that  parental  influence  was  mediated  by  the  working  experience  parents 
provided for their children in order to get them interested in a certain area. 
Georgia: I think I was a bit influenced by my mum who is a nurse because I went 
and saw some things that made me want to follow medicine. 
Interviewer: You mean you went to the hospital? 
Georgia: Yeah and I observed an operation and some other things that made me 
choose what I want.  
Similarly  Christina,  who  has  chosen  to  become  a  Chartered  Accountant, 
argues this was her own choice. Nevertheless her mum advised her to start private 
tutorials in Accountancy. 
My mum wanted, she told me to find a job which pays off well and it’s nice and 
she told me about Chartered Accountant. She told me about this job that’s why I 
started tutorials in Accountancy. It wasn’t her choice, I just said I should give it a 
chance to see what is this that she is suggesting. I liked it at the end and now this 
is it. 
Discussion 
A surprising finding of the present study was that perceived parental influence did not 
have  a  statistically  significant  effect  on  students’  dispositions  to  study  further 
mathematics. This finding seems to contradict other researchers’ claims (Aunola et al. 
2003)  that  parental  aspirations  have  an  impact  on  students’  attitudes  towards 
mathematics. These contradictory results with the literature might be due to the fact 
that in the present study parental aspirations were reported by students. If parents had Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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self-reported their aspirations for their children’s future education, maybe parental 
aspirations would have been proven statistically significant as the literature suggests 
(Neuenschwander et al. 2007). 
  The present study brought to light different ways in which students perceive 
parental influence mostly through the qualitative data collected with semi-structured 
interviews. A plausible explanation why students said they were not influenced by 
their parents can be attributed to their age. At this age adolescents urge for autonomy, 
as  some  students  mentioned  they  are  now  ‘becoming  almost  independent’.  This 
finding adds additional support to Neuenschwander’s et al. (2007) argument that  
as students seek more autonomy from their parents in adolescence they begin to 
reflect upon and to disagree with their parents’ attitudes and beliefs. We expect 
that  parents’  expectations  may  lose  some  of  their  predictive  power  across 
adolescence (p.601).  
More  importantly  than  this  though,  students  in  adolescence  go  through  an 
identity  formation  period  which  might  explain  why  they  will  assert  they  are  not 
influenced by their parents in their choices. Beyers and Goossens (2008) argue that 
identity formation is a dynamic process of person-context interactions, and parents are 
part of this context, even in late adolescence: “parenting and identity formation are 
dynamically interlinked, and underscore that parents keep being an important source 
of socialization for their developing children, even in late adolescence” (p.165).  
  Although these teenagers tried to preserve their identity as autonomous and 
independent personalities by denying that they were influenced by their parents, this 
influence might well still exist but be unconscious, mediated by values acquired at a 
younger age. Beyers and Goossens (2008) stress that a combination of a warm and 
close relationship with parents, and parental encouragement of autonomy is associated 
with  healthy  identity  development.  “Parents  might  react  positively  when  the 
adolescent makes an autonomous choice of his or her study or career, rather than 
actively  encouraging  the  adolescent  to  make  such  a  choice”  (p.169).  Thus,  the 
‘uninfluenced’ student unconsciously makes the ‘right’ decision for their parents by 
autonomously making their own decision. 
We conceptualise students’ dispositions to study further mathematics in the 
field of HE as part of their habitus and apparently parental influence on habitus is 
largely  subconscious.    Students’  dispositions  to  study  further  mathematics  in  HE 
might partly be a result of the habitus their families have inculcated. 
…pedagogic  work  accomplished  by  the  family  is  a  function  of  the  distance 
between  the  habitus  it  tends  to  inculcate,  and  the  habitus  inculcated  by  all 
previous forms of pedagogic work.  (Bourdieu and Passeron 1990, p.72) 
According  to  Bourdieu  (1990)  it  is  through  the  workings  of  habitus  that 
practice  (agency)  is  linked  with  capital  and  field  (structure).  Bourdieu  views  the 
dispositions, which make up habitus, as the products of opportunities and constraints 
framing the individual’s earlier life experiences (Reay 2004). A person’s individual 
history is constitutive of habitus, but so also is the whole collective history of family 
and class that the individual is a member of: 
The habitus acquired in the family is at the basis of the structuring of school 
experiences  [...]  the  habitus  transformed  by  the  action  of  the  school,  itself 
diversified, is in turn at the basis of all subsequent experiences, from restructuring 
to restructuring.  (Bourdieu 1972, cited in Reay, 2004, p.434)  
Therefore, although the habitus is a product of early childhood experience, and 
in  particular  socialization  within  the  family,  it  is  continually  restructured  by Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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individuals; schooling in particular acts to provide a general disposition, a turn 
towards what Bourdieu terms a ‘cultured habitus’ (Reay 2004). Choice is at the heart 
of habitus, which he likens to ‘the art of inventing’ (Bourdieu, 1990, cited in Reay 
2004, 435) but at the same time the choices  inscribed in the habitus are limited. 
Within Bourdieu’s theoretical framework individuals are circumscribed by an 
internalized framework that makes some possibilities inconceivable, others 
improbable and a limited range acceptable. 
Although the majority of students who participated in this study claim “It’s my 
choice” and deny the influence of their parents’ aspirations on their dispositions to 
study further maths in HE, they draw on their parents’ capital to form their 
dispositions towards mathematics. The economic, social and cultural capital of the 
parents is evident: they benefit from expensive private tutorials (see Christina) and 
visit their parents’ workplace (see Georgia). Most of them seem to be well informed 
about university and well prepared for it (see Stauri). We argue that these are 
instances of the economic, social and cultural capital offered by the parents and their 
utilization enhance their children’s education. Figure 1 illustrates this relationship 
diagrammatically. 
Figure 1:  Bourdieu’s theoretical framework of capital and perceived parental influence 
 
Conclusion 
Our statistical analysis showed that perceived parental influence on students’ 
dispositions to study further maths in HE was not statistically significant but the 
qualitative data provide evidence of parental influence which is subtle, and largely 
‘denied’.  Students coming from middle class families in Cyprus often deny their 
parents’ influence on them but they draw on their parents’ economic, social and 
cultural capital to form their habitus, including dispositions towards mathematics. We 
argue that students’ perceptions of parental influence might not correspond to their 
parents’ actual aspirations or influence, which remain hidden but are all the more 
powerful because they are relatively invisible. This particular realisation of 
misrecognition  of parental influence can be partly attributed to the students’ age; 
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adolescent  students  press  for  autonomy  and  try  to  preserve  their  identity  as 
independent personalities. How parental influence is mediated by sociocultural capital 
and the ways parents communicate their aspirations to their children while promoting 
their autonomy still deserves to be further investigated.   
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The effect of real world contextual framing in A-level sequence questions 
Chris Little (ctl@soton.ac.uk)  
University of Southampton 
This paper provides a preliminary analysis of data from a study into the 
effect  of  real-world  contextual  framing  in  A-level  sequence  questions. 
Alternative  versions  of  the  same  questions  were  presented  in  explicit, 
algebraic, word and pattern contexts, and set to a sample of 594 Year 13 
students (aged 17-18) in a one-hour test. Facility levels of the questions 
were then compared. In addition, the paper presents results of a student 
questionnaire on real-world context which accompanied the test. 
Keywords: Assessment, post-16 mathematics, real world context, 
modelling. 
Introduction 
This paper presents interim findings from a study of the effect of real world 
contextual framing in questions on arithmetic and geometric sequences. This study 
forms  part  of  a  PhD  thesis  whose  aim  is  to  investigate  the  following  research 
questions: 
1)  What has led to the introduction of real-world context and mathematical 
modelling in A-level mathematics? 
2)  To what degree are ‘pure’ mathematics questions in A/AS level 
examinations capable of being framed within real-world contexts, and 
what is the nature of these contexts? 
3)  What functions are served by real-world contextual framing (RWCF) of 
pure A-level mathematics questions, and what are its effects? 
4)  What qualities determine effective use of real-world contextual framing 
in A-level mathematics questions? 
This research has been the subject of a number of papers which have been 
presented at recent BSRLM conferences (Little, 2007, Little, 2008a, Little, 2008b, 
Little and Jones, 2007). 
Design of the sequences study 
The aims of the sequences study were 
•  to investigate the effect of real-world contextual framing on the facility 
of A-level questions; 
•  to survey student attitudes towards real-world context and its function 
and effect on problems. 
The study comprised a one-hour test and a short student questionnaire. The 
test consisted of four questions on arithmetic and four on geometric sequences, given 
to a sample of 594 year 13 students (aged 17-18). Students were randomly allocated 
to one of four tests (A, B, C or D), each of which contained one of four versions of 
the questions. These versions were as follows: 
•  An explicit (e) version, which contained no real-world context, and 
explicitly defined the sequence to be used in the question; Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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•  An algebraic (a) version, which used mathematical notation, such as un 
or Σ notation; 
•  A word (w) version, which used a real-world context defined in words; 
•  A  pattern  (p)  version,  in  which  the  sequence  was  defined  using  a 
pattern context. 
An  example  of  a  question,  in  its  four  alternative  versions,  is  provided  in 
Appendix 1. The solutions to each version were in most cases the same, although 
there were minor differences dictated by the nature of the context. The order of the 
questions in each test was varied in order to control for the potential effect of position 
in the test on facility – it was thought possible that students might ‘give up’ on later 
questions more easily than on the first few on the paper.  
The questionnaire described real-world contextual framing using an example, 
and invited students to agree or disagree with a number of statements about pure and 
applied mathematics and real-world context, with a space for additional comments 
(see Appendix 2). 
Analysis 
The mean number of marks for each question is shown in Table 1. 
 
  AI  AII  AIII  AIV  GI  GII  GIII  GIV  totals 
Max score  5  6  5  4  5  3  6  6  40 
explicit  4.36  4.41  2.53  2.99  3.14  1.01  3.82  5.91  28.17 
algebraic  3.33  2.28  2.43  1.68  2.83  0.84  3.26  3.65  20.31 
word  3.41  4.03  2.27  2.02  2.51  1.20  3.24  3.92  22.61 
pattern  4.04  3.51  2.35  2.44  2.08  0.80  3.67  4.49  23.37 
Table 1: Mean marks per question. 
 
From the table, it can be seen that the ‘e’ versions (explicit), as might be 
expected, gained higher marks overall than the ‘a’, ‘w’ and ‘p’ versions. However, 
this is not true of all questions – see GII, for example, where the ‘w’ version (word) 
scored slightly higher than the ‘e’ version. The causes of these variations require more 
detailed investigation. The lower scores for the ‘a’ versions seem to be caused by the 
use of sigma notation. 
The results of the questionnaire are shown in Figure 1. Two thirds of the 
students  believed  that  questions  set  in  real-world  context  are  harder  than  those 
without context. In terms of whether or not real-world context makes questions more 
interesting, 33% agreed, and 30% disagreed. 55% agreed, and 30% disagreed, with 
the statement that real-world context shows how mathematics is useful. Over half of 
the students preferred pure mathematics to applied mathematics, and felt that pure 
mathematics is interesting in its own right. 
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Fig. 1: questionnaire results 
The variety of opinions which students hold on the use of real-world context is 
indicated by the following selection of comments: 
 “Applying maths to real situations is certainly more difficult but (the questions) 
are a lot more interesting and satisfying to complete rather than straight pure 
maths questions.” 
“I find maths more interesting as a pure subject but it's important to understand its 
relevance to the world.” 
“Real context is harder but helps as it is what we use in the real world. Both real 
context and just maths should be used in exams.” 
“Currently I enjoy learning maths without it being applied, but I imagine once in a 
career I will appreciate it more in a 'real world' context.” 
“I strongly dislike real world context questions as they turn maths that I can do 
into something I can barely understand.” 
“I prefer the questions which are worded (without context). I believe this is due to 
dyslexia, which means I find (contextualised questions) harder to understand.” 
“Sometimes they help if you don't know terms or helps you to get an idea of what 
the question requires which is more comprehendable, but otherwise they are just 
plain patronising!”  
“Using questions in pure maths about how they could be used in the real world 
shows us how you can apply the content to real life instead of just learning 
pointless methods and formulas to use only in a test situation.” 
“Real world questions don't show you how maths is useful, because questions in 
context, such as question 2, are not useful. It is about a beetle, not useful in 
normal everyday life.”  
“Using it in 'real life' context makes it more rewarding rather than just having a 
number that doesn't mean anything.” 
“I found that some of the pure maths questions are annoying and when learning 
about maths in a pure way you miss out on how it is useful until it comes up in 
later life. Though laying out questions in a pure way can help as you can get 
important information quicker.” 
Conclusions 
Preliminary analysis of data from the study suggests that introducing real-
world contextual framing (Little, 2008b) in general increases the demand of 
questions, and that students believe that this is the case. This might be because Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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applying mathematics demands comprehension and modelling skills from students 
which are not required by pure mathematical questions set in explicit forms. 
Framing a question in a real-world context can provide mental scaffolding 
(Vappula and Clausen-May, 2006) which might assist its solution. However, these 
sequence questions are generally best solved by a process of transfer from the context 
to algebraic concepts (classification of sequence, term and sum formulae), rather than 
first principles thinking within the context – see Little 2008a for a discussion of this in 
relation to linear equation problems. When presented in explicit or algebraic form, 
this stage in the problem solving process is not required: it is perhaps this process of 
transfer to which the first student quotation is referring.  
Students generally see real-world context as reinforcing the perception that 
mathematics is useful, although some contexts may be perceived as artificial, or even 
‘patronising’. These comments from students perhaps resonate with researchers (e.g. 
Boaler, 1994, Wiliam, 1997) who have criticised real world contexts on the grounds 
of artificiality. 
What  is  therefore  the  function  of  real-world  context  in  these  sequence 
questions? I have argued elsewhere (Little, 2008a) that, notwithstanding that students 
link real-world context to applicability of mathematics, these questions have little or 
no practical utilitarian value. They are, however, embryonic, albeit artificial, exercises 
in  modelling,  which  force  the  student  to  make  connections  between  the  world  of 
algebra and mathematics and real-world concepts such as finance, percentages, and 
physical patterns and shapes.  
It is perhaps unrealistic to expect short, closed examination questions to do 
more  than  present  proto-modelling  exercises,  since  a  genuine  modelling  cycle 
requires more strategic thinking than is possible in an examination. Nevertheless, to 
reject real-world contextual framing at this level as ‘McGuffinism’ (Wiliam, 1997) 
would be to ignore an important aspect of the A/AS mathematics construct. 
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Appendix 1: ‘e’, ‘a’, ‘w’ and ‘p’ versions of an arithmetic sequence question 
A1e  
 An arithmetic progression has first term 7 and common difference 3. 
 (i)  Which term of the progression equals 73?  [3] 
 (ii) Find the sum of the first 30 terms of the progression.  [2] 
 
AIa  
 The nth term of an arithmetic progression is denoted by  un.  u1 = 7, u2 = 10 and u3 =13. 
 (i)   If un = 73, find n.  [3] 
 (ii)  Find  .  [2] 
AIw  
Chris saves money regularly each week. In the first week, he saves £7. Each  week   
 after that, he saves £3 more than the previous week. 
 (i)  In which week does he save £73?  [3] 
 (ii)  Find his total savings after 30 weeks.  [2] 
 
AIp  
A spiral is formed with sides of lengths 7 cm, 10 cm, 13 cm, … which are in 
arithmetic progression: 
 
 
 
 
 
 
 
 
 
 
(i)  How many sides does the spiral have if its longest side is 73 cm?                                    [3] 
(ii)  Find the total length of the spiral with 30 sides.                                                                [2] 
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Activity theory in mathematics education 
Iskra Nunez 
Institute of Education, University of London 
Cultural-Historical  Activity  Theory  (CHAT)  has  been  described  as  a 
“psychological and multidisciplinary theory with a naturalistic emphasis 
that  offers  a  framework  for  describing  activity  and  provides  a  set  of 
perspectives on practice that interlink individual and social levels” (Barab, 
Evans  and  Beak,  2004,  199-200).    In  this  report,  I  argue  that  CHAT 
provides a set of assumptions by which to understand and explain learning 
processes  that  occur  for  example  in  the  mathematics  classroom.    This 
argument  hinders  on  a  review  of  the  historical  development  of  this 
framework.    I  close  this  report  by  bringing  together  some  of  the 
assumptions that underlie my future research in mathematics education. 
Keywords: Cultural-Historical Activity Theory (CHAT), mathematics 
education, activity system.  
The historical development of activity theory 
The utilisation of CHAT (hereafter, AT) to study developmental processes and forms 
of human practices varies across disciplines such as work management, education, 
(Engeström,  2001)  and  human  computer  interaction  (Kuutti,  1996).    Thus,  to 
understand what AT has to offer to the field of mathematics education is crucial to 
historically trace the assumptions that underpin the concepts in AT and to understand 
how the mathematics educational community has operationalised AT concepts.  
In Cultural-Historical Activity Theory, the word activity does not refer to the 
practical immediate actions of human beings, such as reading or problem solving.  
Instead, the meaning of activity in the conceptual sense is rooted in classic German 
philosophy and is derived from the word tätigkeit.  Schurig (1998) explicates that the 
conceptual richness behind tätigkeit has an emancipatory character.  The historicity of 
AT is depicted in Hegel’s classics. Hegel is considered the first philosopher to point 
out  that  the  development  of  humans’  knowledge  is  not  spiritually  given,  but 
developed in history from living and working in natural environments (Engeström and 
Miettinen, 1999).   
Later, the meaning of activity (tätigkeit) is conceptualised differently under 
historical  materialism  (Marx,  1945).    Here,  labour  becomes  the  basic  feature  of 
human activity.  Activity is not only performed to transform nature, but in the process 
of  transforming  nature  humans  themselves  are  cognitively  transformed  (Engels, 
1940).  This dual transformation never occurs in isolation; instead, it is accomplished 
in community with the help of others and/or with the help of instrumental means.  (In 
AT  terms,  these  instrumental  means  are  called  mediators  of  activity  and  are 
represented with the concepts of instruments/tools, rules, and division of labour).   
Human activity is also seen as ‘object-oriented’ (Kaptelinin, 2005).  That is, 
human activity is not random, but purposefully orientated towards the achievement of 
an  objective  (or  object  of  activity).  From  historical  materialism,  the  concept  of 
activity cannot be trivialised with the common definitions of practical activities.  It 
signifies a ‘revolutionary’, ‘creative’ and ‘self-changing’ practice in which the human Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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subject produces the conditions necessary for her/his life, and at the same time, she/he 
produces her/himself. 
In Soviet psychology, L. Vygotsky took the ideas of Marx and Engels to 
introduce a new model to explain human behaviors (Figure 1).   
 
Figure 1: Mediated Act 
[Adopted from Vygotsky (1981)] 
This model is a triad of interdependent components: subject, psychological 
tool, and object depicting ‘the mediated act’ (Vygotsky, 1981).  In contemporary 
activity theory, ‘the mediated act’ model is known as first generation activity theory 
(Engeström, 2001). 
A. N. Leont’ev (1977, 1978), a student and colleague of Vygotsky, 
continued to develop the theory of activity.  What has furthered the development of 
AT from the Vygotskian model to Leont’ev’s conceptualisation is the inclusion of 
division of labour.  Division of labour helps to differentiate between what is 
accomplished collectively or individually (Engeström and Miettinen 1999). 
Although Leont’ev did not develop a graphical model like ‘the mediated act’, 
AT’s theorists represent his work as a hierarchical activity structure (Figure 2).  Thus, 
Leont’ev theoretical work is referred to as second-generation activity theory 
(Engeström 2001). 
 
Figure 2: Hierarchical Activity Structure 
[Adopted from Koschmann, Kuutti and Hickman (1998)] 
Third generation AT refers to the work of Engeström (1987), who expanded 
the activity system (Figure 3) from the Vygotskian mediated act, by drawing upon 
concepts of mediation, collectivism, historicity, and object-oriented. 
 
Figure 3: Activity System 
[Adopted from Engeström (1987)] 
To understand how the mathematics educational community has utilised the 
activity system’s components, I give some examples of the operationalisation of these 
components to the mathematics classroom: The subject may be a single student, a 
class (Jurdak 2006, Williams, Wake and Boreham 2001, Zurita and Nussbaum 2007) 
or the educator (Hardman 2005, Hardman 2007, Jaworski, 2003).  The  object of 
activity may be described as long-term goals such as improving teaching, learning 
mathematical practices (see Kanes 2001; Venkat and Adler 2008) or short term-goals, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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such as passing an exam (see Flavell 2001, Roth 2003). This depends on who the 
subject is.  The community may consist of the teacher and students (Jurdak 2006); it 
may  also  include  family  and  policy  makers  (Venkat,  H.  and  Adler  2008).    The 
instruments  may  represent  mathematics  concepts,  strategies,  procedures,  language, 
gestures, group work, and computing technologies such as computers, calculators, or 
interactive white boards (Coupland 2006, Groves and Dale 2005, FitzSimons 2005, 
Lim and Hang 2003, Zevenbergen and Lerman 2007). The rules may be represented 
as employing the correct language (Hardman 2005), assessments (Jaworski 2003), 
curriculum protocols, algorithms (Kanes 2001), questioning (Williams, Wake, and 
Boreham 2001) or whole class grouping by ability (Venkat and Adler 2008).  Lastly, 
division of labour may be represented as assigning tasks, interventions, collaborative 
agreements, validation of solutions, or student-centred vs. teacher-centred pedagogies 
(Hardman 2005). 
Further research 
I  have  argued  that  an  understanding  of  activity  theory  requires  an 
understanding  of  the  assumptions  that  developed  from  its  genesis  in  German 
philosophy, followed by the contributions of the Soviet school of psychology, to its 
contemporary  form  in  the  work  of  Engeström  (1987).  My  interpretation  of  the 
historical development of activity theory has led me to outline the following set of 
assumptions: 
•  Activity is viewed as a transformative process by which humans learn to 
physically change their environment and hence cognitively change 
themselves. (Engels 1940). 
•  Human activity is social and collective. The transformative nature of activity 
never occurs in isolation, but is accomplished with the help of others, say in a 
community, and with the help of the means of their labour, say instrumental 
means or instruments/tools (Marx 1845). 
•  Historicity: Activity is the historical product of human labour and collective 
societies.  This implies that human activity may be seen as the result of labour 
and of the social-cultural systems that builds on previous generations in 
succession (Jonassen and Rohrer-Murphy 1999) 
•  Object-oriented: Human activity is not random, but it is always driven to 
achieve a desired objective, which is referred to as the object of activity 
(Kaptelinin 2005). 
•  Human activity is mediated:  The assumption that humans do not interact with 
their environment in a direct way; instead, this interaction is mediated with 
help of instrumental means (Vygotsky 1981, Leont’ev 1977, 1978). 
•  Model of human behaviour: mediated activity between dyad parts is 
insufficient, resulting in the nature of human behaviour to be modelled as a 
triadic.  The activity system is the simplest unit of analysis to model human 
behaviour capable of bridging together studies of micro and macro context 
(Engeström 1987). 
Since there is no agreed methodology for the utilisation of AT, the educational 
researcher  is  presented  with  many  decisions  as  the  next  immediate  step  in  the 
operationalisation of the activity system’s components.  Seeing how the mathematics 
educational  community  has  previously  operationalised  these  components  to  the 
classroom may help to step forward the many decisions that the researcher needs to 
make.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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The maths A-level curriculum from a university viewpoint 
Peter Osmon 
Department of Education and Professional Studies, King’s College London 
It is proposed that the purpose of mathematics at A-level is to lay down a 
mathematical  foundation  for  quantitative  degree  courses.  From  this 
viewpoint the consequence for universities of the present modest numbers 
of students taking maths at A-level is described and options for increasing 
these numbers are considered.  Also from this viewpoint, the ACME and 
QCA  proposals  for  reforming  maths  A-level  curricula  are  reviewed.  
Adoption of a Free Standing Maths Qualification in statistics as an entry 
qualification for quantitative degree courses unable to demand A-level is 
identified as a priority. 
Keywords: Mathematics; Curriculum; A-level; Free Standing Maths 
Qualification; Quantitative courses; Student numbers. 
Introduction 
The  author’s  background  is  an  academic  career  in  physics,  electronics,  computer 
science and higher education management- all “quantitative” fields in which some 
knowledge of maths is essential.  The first three are “STEM” (science, technology, 
engineering  and  maths)  subjects,  the  last  one-  management-  together  with 
accountancy,  architecture,  business,  economics,  finance,  medicine,  and  doubtless 
others  form  a  second  subject  group  whose  mathematical  underpinning  is  also 
important.    These  quantitative  subjects  have  university  courses  devoted  to  them, 
aiming to prepare their graduates for careers in what may be termed the quantitative 
professions.  The inclusion of this second non-STEM group is emphasised because of 
a perceived danger that the context for discussions of maths A-level is sometimes, 
doubtless unintentionally, restricted to the needs of the STEM group of subjects. 
It seems very likely that the great majority of students with maths A-level 
progress to a degree course in a quantitative subject (or else directly to training for a 
quantitative profession such as accountancy).  Surprisingly the data to quantify this 
assumption is not available. 
The origin of this paper is reflection on information acquired in a series of 
interviews and discussions held by the author during the academic year 2008-09 with 
admissions  tutors  and  course  directors  of  quantitative  courses  in  a  number  of 
universities  of  differing  types  and  also  with  their  heads  of  department  and  other 
concerned academics.  Collectively these interviews/discussions amount to a small 
informal survey across the quantitative courses in universities of different kinds (high 
prestige  research  intensive,  middle  ranking  with  emphasis  on  preparation  for 
professional careers, former polytechnic with a strong engineering and technology 
tradition). 
University viewpoint   
Does  it  make  sense  to  speak  of  a  university  viewpoint  on  the  A-level  maths 
curriculum?    Surely  it  does.    The  views  of  individual  course  directors,  heads  of Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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department  and  academics  generally,  modulate  this  viewpoint  according  to  their 
subject, the prestige of their university, and whatever rationalisation of courses their 
university  is  currently  undertaking,  nevertheless  a  general  university  viewpoint 
remains evident.  In summary this viewpoint is that the purpose of maths A-level is, or 
ought to be, to lay down a mathematical foundation for quantitative degree courses.   
Numbers taking mathematics A-levels 
It is generally accepted that 80,000 students took A-level maths in the 1980s, that this 
number fell of a cliff as a consequence of the Curriculum 2000 changes (Smith 2004), 
and has been recovering since then at about 7-8% per annum, so that last year the 
number was 56,000 (STEM 2008) and this year it is 60,000 (Thomas 2009).  The 
government target, announced by the Prime Minister, is to get back to 80,000 by 
2014.  The number matters because the number of university places on quantitative 
courses- the total of STEM plus non-STEM- far exceeds even 80,000 and many of 
these courses are accepting GCSE maths by default. 
What  factors  determine  the  number  taking  A-level  maths  is  open  to 
speculation.  What is certain is that students choose their A-levels.  While far more 
students stay on at school now, after GCSE, than in the 1980s, and far more go on to 
university, they have more subjects to choose from- maths has to compete. 
It seems the majority of secondary students have strong negative perceptions 
of mathematics: “I’d rather die” (Brown et al. 2008)) and these have to be overcome 
if maths A-level numbers are to keep growing.  The author proposes there are only 
three levers that might be pulled: 
1. Bribe students to take maths 
2. Make the A-level curriculum more obviously interesting and relevant 
3. Tackle the problem earlier by radically reforming GCSE. 
Crudely, the first option could involve payments of cash rewards for maths 
success,  but  more  indirectly,  if  more  students  were  made  aware  of  the  lifetime 
rewards of having a maths A-level they might take the bait.  The second option is 
explored further in this paper.  The third option is more long term and the author’s 
own proposal- teaching maths in the context of reasoning which itself should be a 
main GCSE subject is way beyond the scope of this paper. 
Effects of maths A-level numbers on university courses 
Over the past decade maths A-level numbers, that is to say the supply of students 
mathematically qualified to enter quantitative courses, have been both historically low 
and unreliable.  The consequences have varied according to both the prestige of the 
university and the subject of the degree course.   
Generally, the most prestigious universities have not been too much affected- 
that is to say they have generally been able to fill their courses with qualified students, 
although even at this level there have been difficulties.   
Further down the pecking order- in the middle and lower tier universities- the 
consequences have been much more serious.  Most obviously, many STEM courses 
have been judged non-viable by their institution and have been closed.  (A rapid scan 
across universities offering STEM courses suggests there may now be as few as 60 of 
these.)    Less  obviously  many  STEM  courses  have  adapted  their  teaching  and, 
inevitably, their degree content, to an intake without A-level maths.  (The author is 
personally familiar with the limitations imposed on computer science course content 
when students have only GCSE maths.)    Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Lowering  maths  entry  standards  to  keep  a  course  running  was  a  natural 
response of course directors and heads of department following the Curriculum 2000 
debacle.  But there seems to be a ratchet effect- entry standards lowered in times of 
shortage are hard to raise again when supply improves- for example, some chemistry 
courses have not reverted to requiring maths.  One reason is student preferences are 
changing and top-tier universities are finding many of the best mathematicians, who 
might formerly have been expected to enter STEM courses, are crowding into their 
actuarial, economics, and finance courses (one example is the university with 3,000 
applicants, all predicted to get an A, for the 200 places on its economics course). 
Below  the  top  tier,  the  considerable  expansion  of  non-STEM  quantitative 
course provision has generally been achieved by requiring no more than GCSE maths 
for entry.  These students will mostly have done no maths since their GCSE exams- at 
least 2.5 years previously.  A typical university response is to devote 25% of the first 
undergraduate year to level 3 maths- similar to the amount of time that study for an 
AS level at school would occupy.  Requiring an AS level for entry would seem more 
rational- but unfortunately there would not be anything like enough applicants to fill 
the courses.    
Institutional rationalisation of courses, which the author believes is occurring 
across the HE sector, is another factor affecting numbers, but in a very different way.  
One  driver  for  this  is  “prestige  ranking”  fuelled  by  league  tables  compiled,  for 
example, by The Times newspaper.  The entry grades for institutions’ courses have 
come to be regarded as a quality measure for universities and so Vice Chancellors 
may well feel pressured to maximise these.  If an institution decides to maximise 
UCAS points for entry right across its courses, then the consequence would be closure 
of some quantitative courses requiring maths A-level.  Then, while maths A-level 
numbers were rising, the number of course places requiring this qualification would 
be falling.  This would be a disastrous situation. 
ACME and QCA proposals for reform of the mathematics A-level curriculum 
with effect from 2012 
The proposals in detail as well as the timescale rationale are described on the ACME 
and ACA websites (ACME 2009), (QCA 2009).  The two sets of proposals are pretty 
consistent.   They cover not just A-level Maths (AS and A2) but also Further Maths, 
A-level Use of Maths, and Free Standing Maths Qualifications (FSMQs). 
The  main  structural  changes  proposed  for  Maths  are  (a)  reduction  from  6 
modules to 4 for both AS and A2- bringing maths into line with most other subjects, 
(b) elimination of options (c) inclusion of about 40% applied material (both ACME 
and QCA propose the applied shall consist of Mechanics and Statistics, while QCA 
proposes also that Decision Mathematics be included in the applied).  Further Maths 
would continue to comprise 6 modules at both parts and include options. 
Details of proposed content for the pure maths at AS level are published by 
QCA.  The proposals emphasise the importance of coherent treatment of the subject.  
Responses  to  both  sets  of  proposals  have  been  sought  over  the  internet.    The 
questionnaires seem to imply that most respondents will be teachers of some kind. 
Maybe this is appropriate since what teachers feel able to deliver is a constraint on 
reform. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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ACME and QCA proposals seen from a university viewpoint 
The comments which follow relate, in order, to the points in the preceding section 
and, of course, assume that the primary role of level 3 maths is to lay a mathematical 
foundation for university courses in the quantitative subjects.  
(a) Reduction, from 6 modules to 4, in line with most other subjects, should 
contribute to making A-level Maths more attractive, which is surely a good 
thing.   
(b)  Elimination  of  options  would  be  welcomed  by  universities  since  their 
intake  cohorts  would  then  have  a  more  homogenous  maths  experience  in 
contrast  with  the  current  situation  where  the  mathematical  background  is 
heterogeneous and typically requires a first year remedial class to bring the 
cohort together mathematically.   
(c) The applied proposals are more contentious.  While there is a good case for 
including  statistics-  all  professions  need  an  understanding  of  statistics- 
mechanics and decision mathematics are not so relevant across the range of 
quantitative subjects, in fact they are only directly relevant to a minority of 
quantitative subjects (civil and mechanical engineering, physics, and maths 
itself for the former).  Students will be aware of this and these inclusions will 
appear to the majority as unnecessary hurdles and so will certainly not help to 
make maths more attractive to more students.  The opinion of the author is that 
neither mechanics nor decision mathematics (which in any case seems like a 
token offering to up-to-dateness) can be justified as compulsory components 
of Maths A-level.  However, mechanics has been part of A-level Maths for so 
long, and is part of the peculiarly British tradition of including theoretical 
physics within mathematics, that consensus in favour of dropping it is very 
unlikely.  
Further  maths  allows  universities  to  identify  the  minority  of  students  with 
strong mathematical ability and perhaps having a range of options allows teachers to 
play to their own strengths.  The case for retaining 6 modules for Further Maths is less 
convincing. 
Perhaps elimination of options should be interpreted more widely.  A-level 
Uses of Maths is an alternative to Maths and considered by some to give students a 
better maths education, perhaps because of the way it is assessed.  The author is not 
competent to pass judgement.  But the case for eliminating options (above) seems to 
imply that Maths and Uses of Maths should be merged in such a way as to retain the 
strengths of each.  
As to coherence- the A-level Maths curriculum is mediated through a high 
stakes, high-volume, low-cost examination process.  It is hard to maintain coherence 
through such a process and the exams are effectively the curriculum.  A common 
university view is that the exam process should take a large portion of the blame for 
students’ poor mathematical knowledge.  
Quantitative courses admitting students without A-level maths  
This  is  the  elephant  in  the  room.    The  author  has  not  been  able  to  quantify  the 
problem  but  it  seems  clear  that  the  majority  of  students  admitted  to  quantitative 
degree courses have no maths beyond GCSE.  These courses are in both non-STEM 
subjects  like  Business  and  Management  and  also  in  STEM  subjects  including 
Computing and Electronics.  The problem is severe in middle tier universities and the Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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former polytechnics, but top tier universities are not immune.  How relevant to this 
situation are the proposed level-3 maths reforms?  
The large numbers of students flocking into quantitative courses with only 
GCSE  maths,  and  that  taken  2.5  years  previously,  are  not  adequately  prepared 
mathematically for the study of their chosen subjects.  Their universities can respond 
in only two ways- remedial level-3 maths in the first year of the degree and some 
compromise of degree course content.   
This is clearly a bad situation and one remedy would be for students to take an 
FSMQ appropriate to their chosen subject before going to university.  This is less than 
ideal:  it is not very much maths (60 hours of guided study), but it would at least keep 
mathematical work going.  FSMQs are specialised, and the generic case across all 
quantitative courses for statistics has already been made.  Alternative FSMQs are less 
desirable than statistics since they imply an early choice of degree subject and are 
contrary to the principle that decisions about specialisation should be delayed as long 
as possible (in the author’s view the British education system is rightly criticised for 
too early specialisation).   
From the university side the situation is difficult.  Admissions tutors would 
like a post-GCSE maths qualification as an entry condition, and would particularly 
like to require that the qualification be common across the cohort, but they are under 
pressure to fill their places with students with maximum UCAS scores and this tends 
to have the highest priority.   
It seems to be a chicken and egg situation- if FSMQs were being taken in large 
numbers then admissions tutors would demand them and students would take them in 
large numbers, but if FSMQs are only taken in small numbers then they cannot be 
demanded and so the incentive for more students to take them is small.  A single 
FSMQ is not much maths, but it would be a great improvement on doing no maths 
work for two years.  
A more distant target would be to require FSMQ statistics at A2 as well as at 
AS-level  for  entry.  But  for  now,  demanding  FSMQ  statistics  at  level  AS  as  a 
minimum condition for entry to quantitative courses, will be tough enough.  This is an 
important goal- it needs to be a good course!   
Data collection 
It will be helpful to those concerned with keeping track of developments if annual 
numbers of students gaining AS level and full A-level maths continue to be recorded 
and are made public.  The same applies to FSMQs.  It is also desirable that numbers 
of places and their take-up for quantitative university courses- distinguishing those 
requiring  full  A-level  from  AS  level  and  from  GCSE  maths-  and  any  requiring 
FSMQs should be recorded annually and made public.  This data should be obtainable 
from UCAS. 
Conclusions 
1. In both the national interest and the interests of individual students, maths must 
become more attractive to more students.  In the short term, making students aware of 
the lifetime return on maths A-level would help.  In the longer term radical action is 
needed throughout secondary education to tackle negative perceptions of maths.  
 
2. The primary purpose of A-level maths is to provide a mathematical foundation for 
quantitative degree courses.  The implications of this viewpoint are- Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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(a) A single maths A-level should be created by merging Maths with those 
aspects of Uses of Maths which are believed to develop deeper knowledge of 
the subject.   This maths A-level would not include options or applied maths- 
except for statistics.  Options, including applied options, would be contained 
within Further Maths. 
(b)  A  concerted  effort  to  develop  FSMQ  Statistics  as  a  recognised  entry 
qualification for those quantitative courses at present accepting students with 
GCSE maths is a highly desirable step. 
3. It is possible that there will soon not be enough places on quantitative degree 
courses requiring A-level maths for the increasing numbers of students gaining maths 
A-level.  This would be very disheartening and HEFCE should be alerted. 
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Analysing the relationship between teacher’s cognitions: differences and 
similarities in the teaching modes of two primary teachers 
Carlos Miguel Ribeiro 
University of Algarve, Portugal 
The teacher’s cognitions (goals, beliefs and knowledge) have a major role 
in  their  practice.  Through  the  exteriorization  of  those  cognitions  –  in 
action  –  teachers  reveal  their  perspective  and  how  they  envisage  the 
teaching process. To study these cognitions, the relations between them 
and the way they are exteriorized (type of communication, resources and 
pupils  way  of  work)  a  model  has  been  elaborated.  For  such  teaching 
process I focused on the practice of two primary teachers and, from the 
analysis  of  that  practice,  using  the  model,  it  is  possible  to  frame  the 
teaching modes of each teacher. In this paper I will present, briefly, the 
modelling process and discuss the teachers cognitions (focusing in goals 
and beliefs) identified in the cluster of episodes presenting the content. I 
will  make  a  first  approach  to  the  discussion  of  the  similarities  and 
differences  in  the  teaching  modes  of  the  two  teachers  in  that  specific 
cluster.  
Keywords: Teacher’s cognitions; teaching modes; primary school teachers 
Introduction 
The way we teach has a direct relation with the way we envisage the teaching process 
and  the  role  of  all  its  components.  It  depends  greatly  from  our  own  experience 
(professional and personal) and from the impact those experiences have, and the way 
we  reflect  upon  them.  When  in  practice,  teachers  “show”/exteriorize  their 
perspectives  about  the  teaching  process  through  their  actions.  Those  actions, 
associated with the way they express them and the type of communication they use 
with  students,  are  the  reflection  of  the  teacher’s  beliefs,  goals  and  professional 
knowledge (considered here as the teacher’s cognitions).  
To study these cognitions, the relationship between them and the way they are 
exteriorized (type of communication, resources and pupils way of work) a model has 
been elaborated. It is intended to simplify a very complex context such as teaching, 
and for that I have focused only in the components which I consider most influence it. 
The elaboration of this model (cognitive) is part of a research project, which aims to 
improve our understanding about which cognitions underlie teachers’ actions in their 
practice in a mathematics class (in primary schools) and how they are related and 
change during time.  
In  this  paper  I  will  present  briefly  the  modelling  process  and  discuss  the 
teachers’ cognitions identified in a specific set of episodes of the practice of the two 
primary teachers mentioned earlier. Afterwards, I will discuss the similarities and 
differences in the teaching modes of the two participating teachers, in that specific set 
of episodes, in order to make a first attempt for the conceptualization of a theoretical 
“single case” build from the two teachers teaching modes. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Theoretical framework  
The cognitive model used is an evolution of the one presented initially by Schoenfeld 
(1998a, 2000) and then adapted by Monteiro, Carrillo & Aguaded (2008) to Science 
teaching.  In  the  model  I  focus  on  the  teacher  cognitions  –  beliefs,  goals  and 
knowledge –, on the students’ way of work, teacher actions, type of mathematical 
communication, and the resources the teacher uses during practice. For the purpose of 
this paper, the teacher’s actions should be identified with his/her performance in the 
classroom when dealing with their students’ knowledge building. 
Concerning beliefs I used an instrument gathered from Climent’s (2005) work, 
where she presents a set of indicators of primary school teachers’ beliefs, with respect 
to beliefs concerning methodology, mathematics, learning, and the roles of pupil and 
teacher.  
With respect to the teachers’ goals, like Schoenfeld (1998b), they are assumed 
as something that one aims to attain, and can be explicit or latent, and can likewise be 
pre-determined  or  emerge  during  the  teaching  activity.  Each  individual  has  the 
capacity to construct, adapt, model and remodel such goals in accordance with his or 
her own personal and professional development. 
For the professional knowledge I have selected the categorization presented by 
Ball, Thames & Phelps (2008), which adapts Shulman’s (1986) formulation of the 
components of professional knowledge. In this conceptualization, the authors divide 
the  content  knowledge  and  the  pedagogical  content  knowledge,  each  in  three 
dimensions.  Content  knowledge  is  considered,  divided  into  common  content 
knowledge (typical ‘schoolboy’ mathematics – know how to do), specialized content 
knowledge  (needed  only  for  teaching  –  know  how  to  teach  to  do)  and  horizon 
knowledge.  Concerning  the  pedagogical  content  knowledge  they  consider  the 
knowledge of content and teaching, content and students and curricular knowledge.   
The type of communication the teacher employs is in direct relation to the 
cognitions they hold, in that the way the teacher chooses to communicate reflects the 
way  they  view  the  teaching  process.  With  different  forms  of  communication,  the 
actions are distinct and quite possibly show how the teachers view themselves. This 
idea has lead to the inclusion of the model of communication which the teacher uses. I 
use  the  classification  of  mathematical  communication  proposed  by  Brendefur  & 
Frykholm (2000): unidirectional, contributive, reflexive and instructive, with some 
adaptations introduced by Carrillo, Climent, Gorgorió, Rojas & Prat (2008), namely 
concerning the idea of how the tasks presented influence the students understanding. 
Unidirectional  communication  is  associated  with  a  form  of  teaching  in  which  the 
teacher takes the principal role, requiring the student to do no more than faithfully 
repeat what he or she has heard. With respect to contributive communication, the 
student  is  afforded  some  participation  in  the  classroom  discourse,  although  the 
interactions which take place are by and large of a corrective nature and do not go 
very deeply into the content. The key feature of reflexive communication is that the 
interactions  between  the  teacher  and  students  act  as  triggers  for  subsequent 
investigative work. Instructive communication is similar to reflexive communication, 
but aims also to shed light on the matter in hand, bringing about an integration of 
students’ ideas – progress and/or difficulties – made explicit or intuited by the teacher 
or by the students themselves.  
More information concerning this cognitive model, and some relations found 
between  its  dimensions,  can  be  found  in  Ribeiro  (2008)  or  Ribeiro,  Monteiro  & 
Carrillo (2009). Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Research design 
This  paper  is  part  of  a  wider  research  project  concerning  the  professional 
development  of  two  primary  teachers,  Maria  and  Ana,  with  18  and  6  years  of 
experience,  respectively.  These  case  studies  are  combined  with  a  qualitative 
methodology.  The  data  was  gathered  through  audio  and  video  recordings  of  a 
sequence of classes – centered on the teacher – and occurred in three different periods 
of the year, but always when they intended to introduce a new topic (in year 4 – 
students aged 8 or 9). Brief informational talks were also used before and after each 
lesson to gather lesson previews – lesson image – and to clarify some inferences. 
After transcribing the classes, and complementing the transcriptions with information 
gathered from the video (e.g. teacher actions and interactions with pupils), it was 
possible to elaborate on the teaching (cognitive) modes of each teacher. This process 
starts by identifying, in the lines of the transcription, the teachers’ goal and which 
parameters of that specific goal are considered the triggering and terminating events. 
Between these events (corresponding to a set of transcription lines) can be identified 
all the remaining model components.  
For the purpose of this paper I will refer in concrete to a cluster of episodes 
(presenting  the  content)  from  the  practice  of  both  teachers  in  the  first  phase.  It 
corresponds  to  a  sequence  of  tasks  prepared  by  the  teachers  with  the  aim  of 
introducing the thousandth. Here I will focus on the relations between the indicators 
of beliefs, communication type, resources and pupils way of work. The components 
of  the  teacher’s  knowledge  and  the  others  dimensions  in  the  analysis  will  not  be 
discussed.  
Discussing the teaching modes of two primary teachers: relation between types 
of episodes, type of communication, form of work and resources  
I  will  discuss  the  teaching  practice  of  the  two  teachers  concerning  the  episodes 
relating to the goal of presenting a content. Associated with these episodes there are a 
set of actions teachers do to achieve the specific goal they intend. Each cluster is 
formed by a certain set of episodes in which the main differences are the specific 
actions  associated  with  each  (each  action  has  a  set  of  beliefs  and  a  specific  goal 
associated). Thus, in this cluster, the central action is the one of presenting the content 
which is always associated with a reviewing or clarifying actions. The difference in 
the name of the episodes is also related to the resources used and that use is reflected 
in the teacher’s action. Thus, when the teacher uses a certain resource there is an 
action associated to that resource which occurs (most of the time) independently of 
the type of communication used – and is related to the knowledge of content and 
teaching from the Ball’s et al., (2008) conceptualization.  
As previously mentioned, in these situations both teachers’ main action is to 
present the content but, imbedded on it, they both make a revision. In the case of 
Maria’s  practice,  this  revision  is  associated  with  the  actions  of  reviewing  and 
clarifying  the  content  (Ribeiro,  2009)  and  in  Ana’s  practice  it  concerns  only  the 
reviewing  action.  These  three  actions  are  associated  to  a  certain  set  of  beliefs 
(indicators of beliefs) concerning the learning process and the teacher’s role which are 
in direct relation with the type of mathematical communication used.  
For  Maria,  when  clarifying  the  content,  the  student  must  interact  with  the 
material and the teacher, the latter acting as mediator between the material and the Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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student. When presenting the content, they both assume that although learning may 
start from the observation of an inductive process, the true learning has to support 
itself in a deductive process. When reviewing the content they assume they must 
provide  validation  of  the  information  brought  out  during  the  lesson,  questioning 
students, whose replies lead to self-correction. In the first phase these actions occur 
only associated with a unidirectional or contributive communication, which means 
also that the teacher assumes for themselves the main role in the teaching-learning 
process.  
These beliefs are exteriorized by the type of communication used and also, 
simultaneously, by the way pupils work, and the resources both teacher and pupils 
use. In this first phase Maria’s presentation is based exclusively on unidirectional 
communication  for  the  whole  group  and  the  resources  used  (overhead  projector 
(OHP), board, drawing in the board and worksheet and board), and the association 
between them and the type of communication, are directly related to her beliefs (hers 
and  pupils’  role)  concerning  the  teaching-learning  process.  Ana  also  presents  the 
content to the whole group, simultaneously, but in her case, using a uni-directional 
and also a contributive communication. In this cluster of episodes (in the first phase) 
they  both  assume  that  when  introducing  a  new  content,  students  must  hear  and 
reproduce what the teacher says. Ana also uses as resources hands-on materials but 
their use occurs only to exemplify what she is saying – to give the pupils an idea of 
the number of parts the unit is divided and the size of such parts considering that 
specific unit (represented by a pizza or by the MAB). 
The  following  table  summarizes  both  teachers’  practices  viewed  with  the 
perspectives of the cognitive model, in the cluster presenting a content, concerning 
the  relations  between  the  cognitive  model  components –  type  of  episode,  type  of 
communication,  form  of  work  and  resources.  These  relations  reflect  the  teacher’s 
cognitions  and  their  teaching  modes  in  the  episodes  associated  to  the  goal  of 
presenting a content.  
 
Maria  Ana 
Type of 
Communication 
and form of work 
Resources 
Type  of 
Communication 
and form of work 
Resources 
OHP 
Board 
Drawing  in  the 
board 
Worksheet  and 
board 
 
Board  and  hands-on 
materials  (by  the 
teacher) 
In  a  unidirectional 
way,  for  the  whole 
group 
 
In  a  unidirectional 
way, for the whole 
group 
Exercises  book,  board 
and worksheet 
Hands-on materials (by 
the  teacher) 
(Pizza/MAB)     
 
 
 
 
 
P 
r
e 
s
n
t 
i 
n
g
   Contributively  for 
the whole group 
Board  and  exercise 
book 
Table 1 – Relation between episodes, type of communication, form of work and resources  
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The previous table gives us a better picture of the differences and similarities 
in the teaching modes of the two teachers in the episodes where the main goal is to 
present  the  content.  Although  they  use  different  resources  during  their  teaching 
practice, they show evidence that the main aim and role assumed by teacher and 
students, is quite similar (the teacher assumes the main role in the teaching process).  
From  the  table  we  can  also  visualize  that  Maria  uses  only,  two  resources 
conjointly in one cluster of episodes. On the other hand, Ana adopts mainly the use of 
two or three different resources to allow students different perspectives and forms of 
representation about one same specific content. Besides the use of these different 
representations,  she  communicates  unidirectionaly  or  contributively  and,  by  that, 
although  using  a  great  variety  of  combinations  the  expected  student’s  work  and 
performance is quite similar (a passive position). 
Some final comments 
Both  teachers  assume  the  main  role  in  the  teaching  process  when  presenting  the 
content.  The  students  play  only  a  minor  role,  being  required  to  do  no  more  than 
faithfully repeat what the teacher says (in Maria’s practice this is the only role the 
pupils can assume) or, if some participation in the classroom discourse is afforded, the 
interactions which take place are by and large of a corrective nature and do not go 
very deeply into the content. These beliefs have a direct relation and are exteriorized 
by their actions and type of communication used.  
The resources they use – although different, and in different ways – assume 
the role of reinforcing the idea that the teacher is there to impart knowledge and 
pupils to hear and repeat what is said (as if the knowledge and understanding was 
something that you achieve by osmosis). The teaching practice of these two teachers 
in  the  situations  under  analysis  can  be  identified  as  being  associated  with  the 
traditional  delivery  model.  Its  use  may  be  due  to  a  lack  of  awareness  of  all  the 
mathematical concepts involved and, the difficulty pupils have to assimilate it, or 
simply because this is the way teachers feel “safer” in teaching.  
The use of the cognitive model allows to simplify the analysis of the teaching 
process and focus attention on the teacher’s actions and cognitions, the way they 
relate to each other and how they influence the teaching process. Its use allows the 
identification  of  critical  situations  concerning  the  relations  between  the  different 
factors being analysed and their impact in teaching. Through that identification, the 
discussion and reflections with teachers can became an initial contribution to improve 
teacher training in general.     
Aiming  to  achieve  a  greater  knowledge  about  each  one  of  the  model’s 
dimensions, their role and potential in teaching, the next step will be to try to “map 
out the territory” of the teachers practice in all the episodes identified – focusing in all 
the model dimensions. Through that process ii is also expected to try to obtain not 
only  a  “single  case”  from  the  practice  of  these  two  teachers  but  also  and  more 
importantly a set of identified situations which can be used to improve teaching and 
the  conceptualization  of  the  teacher  training  programs.  This  new  way  of  thinking 
about teacher training is essential considering all the changes currently taking place 
and the role that the continuous training programs are having in teacher training in 
general  (I  consider  that  due  to  the  lack  of  specific  initial  training  teachers  have, 
ongoing training should be a very important role in their professional development). Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Why do parents help their children with maths ? 
Rosemary Russell  
St. Peter's Comprehensive School, Bournemouth. 
My PhD research, 'Parents Helping Their Children With Mathematics', 
(Russell 2002), illuminated the hitherto unresearched ‘hidden’ help that 
parents  give  their  children  with  maths  –  in  other  words,  help  that  is 
initiated  by  parents  themselves,  without  prompting  from  school  or 
researchers. Help of this kind is behind closed doors, in the privacy of the 
home,  away  from  the  view  of  schools  and  researchers.  The  research 
established that the practice exists; that without prompting from school or 
researchers, parents do help their children with maths, and the practice is 
more widespread than had previously been acknowledged. It identified 
new aspects of why and how parents help with maths. In this paper, I shall 
discuss the methods I used to research this topic. I shall be reporting on 
some  of  my  findings  by  focusing  on  answering  the  question:  Why  do 
parents help their children with maths?  
Keywords: parents, helping, mathematics, maths, numeracy   
Background: What is ‘hidden’ help? 
To clarify what is meant by hidden help, consider the following. Homework would be 
a way that many parents help their children with maths, but that activity has been 
initiated and set by school. ‘Hidden’ help on the other hand, is help that parents 
spontaneously decide to do on their own with their children. 
This  can  have  profound  effects  on  the  children  and  the  family.  I  found 
instances  of:  children  getting  confused;  children  refusing  to  do  work;  family 
arguments; parents distrusting school and methods taught; low self esteem.  
We can infer that this is not a new phenomenon from ‘Sharing Mathematics 
with Parents’, (Mathematical Association 1987). From over 20 years ago, we get a 
glimpse of this spontaneous help from Janet Duffin’s account of a maths evening in 
Suffolk when she was a lecturer at Hull University: 
We identified the two principal subtraction methods and many were surprised to 
learn  that  there  was  any  other  way  than  the  one  they  knew.  Some  were 
disconcerted and anxious to rush home to see how their children did it, worried 
because  they  may  have  inadvertently  confused  their  children  brought  up  on  a 
different method. (pp 27-28) 
We can infer from the parents' concern and their reaction that some had helped 
their children with subtraction, without any prompting from the school to do so. They 
had also used their own methods, which differed from the school's. Indeed, they did 
not know the existence of other methods. 
In 1999 a landmark was reach as it was reported in The Times Educational 
Supplement that sales of home help papers had hit the best sellers list for the first 
time, and maths was the biggest worry for parents (Cassidy 1999). To reach the best 
sellers list involves sales of a large number of books, so it can be concluded that a 
substantial  number  of  parents  were  buying  papers  to  help  their  children  –  strong Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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circumstantial evidence that parents help their children academically at home and, as 
maths was reported as the greatest worry, that they help their children with maths. 
Later in the year a MORI poll for the DfEE of 1000 parents of  children aged 5-11, 
quotas set for age and social class, found significant proportions (47%) would like 
more practical help in order to aid their children with maths (Speed 1999).  
Literature on why parents help their children with maths 
There were a number of questions over which I sought illumination in my research, 
and one was: why do parents help their children with maths? 
Very little is known about what goes on behind closed doors when parents 
help their children with maths and no UK research had directly addressed this topic 
before, but we get glimpses of it when reading studies in related fields. However, it 
needs to be remembered that in these studies, all activities were initiated by schools or 
research team, and this provides only a partial illumination, at best, of what happens 
when parents take the initiative. 
The studies considered for this paper are: 
IMPACT:  parents  and  children  working  together  on  maths  games  and 
activities at home, based on work covered at school. (Merttens and Vass 1990, 11. 
Also Merttens and Leather 1993; Merttens and Vass 1993). 
Hughes and Greenhough: engaging children in activities with parents at home 
and  with  their  teacher  at  school.  Activities  included  maths.  (1998a,  1998b, 
Greenhough and Hughes 1998). 
Crozier: parental involvement with children at two secondary schools. Not 
subject specific. (1997, 1999a, 1999b).  
McNamara:  an  action  research  and  development  project,  studying 
communication between home and school, parents’ knowledge of the curriculum and 
their child’s progress, and the learning support they offered. Not subject specific. 
(McNamara 1999 and McNamara et al. 2000). 
Edwards and Warin: a study carried out over a five year period during the 
1990’s. The aim was to raise pupil achievement in literacy and numeracy through 
parental involvement across seventy schools in one Local Education Authority in an 
area of social deprivation. (1999). 
What did the studies have to say about hidden help? 
1. Challenge of the topic 
Through the research and monitoring side of the IMPACT Project it was found that 
many parents explicitly teach their children maths. (Merttens 1993): 
More parents than teachers imagine do explicitly 'teach' their children maths at 
home irrespective of IMPACT. (p.29) 
The evidence on which Merttens bases these statements is not reported. They 
found that parents dropped out of being involved with IMPACT, but concluded this 
did not mean parents were not interested. 
It  would  be  wrong  to  conclude  that  these  parents  do  not  want  to  help  their 
children, that they are apathetic, or indeed, that they are not doing maths at home. 
Many parents are sharing maths tasks at home with their children, and are even 
teaching maths explicitly to their children. They simply are not telling school 
about  it,  or  doing  the  IMPACT  activities.  They  have  decided  first  that  the 
activities are a waste of time and the children are learning nothing from them. 
(They may of course be quite wrong about this, certainly from the perspective of Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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current orthodoxies, but this is of no consequence). Second, they feel that nothing 
they say is going to influence the school's pedagogy or curriculum. (p. 20-21) 
This illustrates something of the hidden nature of the help that parents give. 
There are three important aspects to this. First is the isolation of the parents, who do 
not  discuss  it  with  the  school;  second  is  the  ignorance  of  the  teachers,  who  are 
generally unaware of its existence and its extent; third, the secrecy of the action itself, 
hidden in the home, away from view.  Here we are introduced to the difficulties in 
researching this area, due to its secretive nature. 
2. In what ways do parents help? 
McNamara found that parents were acting as “surrogate teachers” and a “resource 
support” buying books (McNamara et al. 2000, 478). Crozier found that if middle-
class  parents  could  not  help  with  a  specific  academic  task  themselves,  they  were 
better placed to seek support whether it be through a tutor, study guides, relevant CD 
ROM or the Internet (1999b, 120). However, the outcome of interventions like this is 
not commented on, as there were no data.  
Hughes and Greenhough found that what parents actually did when reading 
with their children differed, and was related to the parents' views and attitudes on 
literacy (Greenhough and Hughes 1998). This pointed to a need to explore parents’ 
beliefs about maths. 
At the time of my research, very little was known about what parents did when 
they helped their children with maths activities at home. Hughes and Greenhough 
(1998b)  made  an  initial  attempt  to  fill  this  gap  and  summarised  the  situation 
succinctly: 
... very little is known about what parents actually do when they work with their 
children on school-based maths activities, or how the methods and approaches 
used compare with those of teachers. (p. 3) 
3. Why do parents help their children with maths? 
The studies suggested a number of reasons why parents help. Merttens concludes that 
the  reason  parents  are  giving  this  hidden  help  is  because  of  their  belief  that  the 
activities offered by school are a waste of time, and also parents feel powerless in 
changing the school's approach to teaching. Crozier points to middle class parents 
preparing their children for a future career (1997, 191). Crozier also introduced the 
notion that parents' perception of their role in relation to their child's schooling is 
influenced by their own past experiences of schooling, and McNamara confirms this. 
This has direct bearing in considering parents' perception of their role in helping their 
children with maths, and therefore why they get involved in helping.  
The questions arise: Are there any other reasons? What other beliefs do they 
hold regarding the teaching of maths? What past experiences influence parents who 
offer hidden help in maths to their children?  
However, there were no data on these subjects.  
4. The need to research it in an out-of-school situation 
Border and Merttens (1993) recognise the difficulty parents have in expressing what 
they really feel: 
... there would be a strong case for suggesting that many parents might like to say 
that they find IMPACT time-consuming or a bother, but they are only too aware 
that articulating this grievance will make them out as a particular type of parent - 
maybe as 'lazy', 'can't be bothered', 'unsupportive', or even 'uncaring'. Therefore Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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they  restrict  themselves  to  those  comments  which  can  safely  be  made  while 
continuing to present a positive image of themselves vis-à-vis the school. (p. 117) 
If parents have difficulty in expressing themselves even within the IMPACT 
scheme, which is intended to be supportive of parental involvement, then it must be 
very difficult for parents whose children attend schools not so sympathetic to parental 
involvement, to express what they really feel. The inhibition that parents have also 
shows the difficulty of researching hidden help through a school-based initiative, and 
points to the possible need for working with parents in a setting that is not associated 
directly with a school so that data can be collected. 
Methodology 
Due to the secretive nature of the topic, two questions arise. Firstly where do you find 
a sample of parents who help their children with maths? Not only is the challenge to 
find a sample, but also a sample willing to talk about maths, given the difficulties 
others  have  found  getting  people  even  to  discuss  maths  (Cockcroft  1982).  Then, 
secondly, once a sample has been found, how can the topic be researched? 
The overall approach used to obtain a suitable sample has been opportunistic. 
All the people in this study, in the first instance, have approached me in some way in 
connection with helping their children with maths.  
At the time the thesis was conceived (January 1997) I was coming to the end 
of a long career break from teaching and I had an unusual opportunity to research this 
topic for two reasons. Firstly, through business I met many mothers who had no idea 
that  I  was  a  maths  teacher,  leading  to  some  very  unguarded  conversations  that 
revealed surprisingly strong feelings about maths in schools and gave me an insight 
into the point of view of a non-teacher parent. Secondly, parents who did know my 
background were approaching me to help their children with maths, giving me access 
to  a  group  of  parents  who  were  sufficiently  concerned  to  seek  help.  I  used  the 
opportunities these situations presented to carry out my research, using a case study 
methodology as it was ideal for these circumstances.  
In the first phase of the research, although I was neither working as a maths 
teacher nor advertising myself as a tutor, I had parents approaching me for help in 
giving private tuition. One of my first questions would be, why did you come to me 
for help? These parents came for help with their children’s maths and were willing to 
talk about their feelings about maths. The very help they sought required me to know 
what had transpired to trigger their intervention. The nature of this information was 
precisely what had taken place in the privacy of the home, away from the critical eye 
of the professional, when parents attempt to help their children with maths. There 
were three case studies in this phase of the research. The students were at different 
stages in their education, from different areas, yet resonances began to appear across 
the studies. The results gave understanding of the nature of some of the difficulties 
parents faced when trying to support their children’s maths. 
In the second phase of the research, I designed a course in an attempt to meet 
these needs. This course was given to an opportunity sample of five parents, drawn 
from parents who had discussed their children’s maths with me.  
Resonances began to emerge across the case studies from the course and the 
earlier case studies. I then analysed the data using a model adapted from Hughes and 
Greenhough Adults’ Knowledge Project. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Findings: Why do parents help their children with maths? 
The study identified various motivations and roles that can be added to those 
reasons put forward by Crozier and Merttens: 
•  ‘Saviour Attitude’ was the term I used for an attitude exhibited by 
four out of five of the parents on the course. These parents had all had 
an experience of maths that they wished to save/rescue their children 
from, and so had intervened to prevent them going through the same 
thing. This was regardless of academic ability. 
•  Provider of maths knowledge is how some of the parents appear to 
see themselves. Sheila felt responsible for being able to do the maths 
homework set for Jo. Vicky also saw her role as a provider of maths 
knowledge and recognised she would not be able to keep up. Sean used 
to give maths lessons to all three of his children: he was a provider of 
maths knowledge for them. Some parents provide maths knowledge by 
engaging a tutor for their child. 
•  Responding  to  child’s  request.  Two  of  the  parents  reported  their 
children asking them to set work for them. 
•  Keeping child one step ahead of peers. Although Kelly intervened 
when her sons were struggling, with Lucy (her youngest) she saw her 
role as keeping Lucy one step ahead of her peers by introducing her to 
topics before they were covered at school. Her theory was that the 
topics would then be easier for Lucy to understand when she met them 
at school, and she would be at an advantage. McNamara et al. (2000) 
identified a similar situation, where a parent was ‘moving on’ with a 
child. 
•  Concern  for  welfare.  Rather  than  seeking  academic  achievement, 
several  parents    intervened  because  they  were  concerned  for  their 
child’s general welfare. 
•  The importance of maths as a subject was a factor underlying the 
reasons for helping.  
Conclusions 
The research established that parents spontaneously help their children with maths, 
and they do so for a variety of reasons (Russell 2002). Edwards and Warin cite Reay 
(1996, 1998) as saying that when there is parental involvement, there is a need to 
work closely with the parents’ motivations. Therefore, the reasons identified by this 
research  need  to  be  recognised  and  addressed  by  policy  makers  and  the  teaching 
profession when wanting to work with parents. Ignoring the issues, or foisting on 
parents a role that is not in keeping with the role they see themselves as having, will 
only cause frustration. 
As  a  result  of  my  research,  I  have  been  working  with  the  publishers 
Continuum, with the aim of helping parents to help their children with numeracy 
(Russell 2007, 2009). 
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Contrasting pre-service teacher education and school practice in two countries  
Sunderlik, J. 
Constantine the Philosopher University in Nitra, Slovakia 
In this article, I will present two contrasting mentor meetings and some 
approaches  to  exploring  the  development  of  mathematics  pre-service 
teachers during their student teaching. I am trying to identify themes for 
both countries, Slovakia and UK and discuss the influence of pre-service 
teacher development in different cultural settings. 
Keywords: comparison, pre-service teacher, student teaching, reflection 
Introduction 
After finishing the teaching preparation programme in Mathematics Education in my 
home country Slovakia, I spent two years teaching at a middle school in the USA. 
During  this  time  I was  often  confronted  with  different  situations  where  I had  to 
question my teaching practices. It was hard for me to understand why I needed to use 
several “new” teaching strategies for every single lesson and try to avoid worksheets 
and working on problems with the whole class. I also observed that the students’ 
understanding of mathematics, their terminology and problem solving suffered some 
misunderstandings  of  the  mathematical  concepts  from  previous  years.  Moreover, 
classroom management was a big issue for me, which I had not heard about during 
my teaching preparation programme in Slovakia. Sometimes, I could not find the 
explanation and answers based just on my knowledge gained in Slovakia. I cannot say 
that this experience is the only cause of my interest in different teaching practices – it 
certainly helped me to understand more about the variety of teaching approaches in 
different countries and cultures. Teacher preparation programmes differ in several 
countries and within universities in the same country as well. What are some of the 
relevant practices they can offer to their students? What can we learn from them? 
I decided to look closer into similarities and differences of one teacher preparation 
programme in two countries: Slovakia and the United Kingdom (UK). I chose the UK 
because it can offer a variety of interesting examples of new approaches to teaching 
and implementing mathematics strategies into practice. I chose Slovakia because it is 
my home country and I obtained my education there. In this paper, I will present two 
lessons from a pre-service teacher from each country, followed by a meeting with 
their mentor which happened between those two lessons.  
Short description of Slovak and the UK pre-service mathematics teacher 
programmes 
  Slovakia 
 
UK 
Type of 
programme 
integrated 5 years master 
programme in two subjects 
 
 
several types of programmes –  
I focus on PGCE – Postgraduate 
Certificate in Education - One 
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Pedagogical 
preparation 
integrated in first three years, 
state exam in the fourth year (first 
year of master studies) 
 
 
included in the program, EPS - 
Educational and Professional 
Studies 
Student 
teaching 
the 6
th semester: 13 hours           
(1 week) only observation 
the 7
th semester:  26 hours           
(2 hours per week) 
the 8
th semester:  26 hours           
(2 hours per week) 
the 10
th semester: 4 weeks full 
teaching in school (30 
hours) 
same amount of hours is from the 
second subject 
Autumn term:  week 5 and 6 – 
three-day practice 
week 7, half of 9, 10 -12 
(teaching10–20 lessons) 
week 14 - three days in 
another school 
Spring term: whole term student 
teaching (by the end of term - 
two thirds of regular 
teacher’s assignments) 
Summer term: four weeks 
(teaching about 20 lessons + 
other school assignments) 
Gained 
qualification 
Master in mathematics education  QTS qualified teacher status + 60 
credit points at M- level 
 
Collecting and analysing data 
I videotaped two lessons of student teaching in each country during the last term of 
the programme. Both teachers were chosen on a voluntary basis. The Slovak student 
teacher was 23 and the English one 27 years old. After the first lesson, each pre-
service teacher had a meeting with their associate tutor (mentor) where they discussed 
the lesson. These discussions were audio taped. The main focus was on the teacher’s 
practice, teaching style and identifying the pattern of teaching in the first lesson.  
For the interview with the mentor I focused on the how the mentoring is done. 
I  looked  at  the  mentor’s  talks  and  pre-service  teacher’s  reflection  on  his  or  her 
teaching  and  identifying  the  “critical”  moments  –  the  parts  that  were  mentioned 
during the mentor meeting. Then I looked back at the lessons and tried to identify the 
“critical” moment during those lessons for each teacher and I searched for patterns in 
their student teaching. Then I focused on the evidence of difference in teh second 
lesson and will compare those two pre-service teacher’s practices at the end of this 
article. 
 
In the following transcripts the following conventions are used: 
T1 – Slovak pre-service teacher     T2 – English pre-service teacher       S - student          
SS - class or students    AT – assistant teacher         [  ] are notes by JS to help the 
reading of the text     […] Each dot is a one-second pause 
Case of Slovakia 
The Slovak lesson which is described in this paper was the first lesson of the day at 
the end of pre-service teacher second week of teaching. I present the part where the 
pre-service teacher is introducing a new problem.  
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Lesson one - Slovakia 
Problem: The area of square KLMN is 1m
2. The diagonal KM is divided by the points A and    
C into three identical parts. [KA, CM and the hidden AC.] What is the area of square 
ABCD?  
 
T1  We have a square KLMN. The diagonal KM in the square is divided by the points 
A and C into three identical parts. They are asking us: what is the area of the small 
square? [...........] So we know that all sides in the square are identical, we know the 
area of the square, we need to calculate the length of the diagonal and then using this 
to calculate the area of the small square. 
 [The chalk is placed in front of a student who comes up to the board.]  
[…….] 
S  We can calculate the diagonals using formula. […..]        [Work shown on the board] 
T1  What do we write down first?           
S   The formula for the area.            S = a.a 
T1  The formula for the area. We use the formula to calculate     1 = a2 
     the side ‘a’.  […………]             
S   [The student continues working on the task.] 
T1  Substitute for area equals 1 m2. Equals ‘a’ …      a = 1m 
S  Square                   
T1  We can calculate ‘a’ …which is equal to...?       
S   One 
 
Lesson two – Slovakia 
 
The Problem: On a circular watch face there 
is a chordal quadrilateral joining  2, 4, 7 and 
11.a) Find the quadrilateral’ s interior angles 
and b) the angle between its diagonals. 
 
… 
T1  So, we need to calculate the angle between the diagonals.  Any ideas? [.....] 
SS  Mmmm 
S   Is it 60...? 
T1  What did we get when we uhhh, ... when we’ve drawn the diagonals? 
S   Triangles. 
T1  Triangles. Yeah. 
T1  What is the advantage of having triangles here? As we had it for homework [....] - 
That the sum of the interior angles of a triangle is 180 degrees - so how many angles 
do we need to calculate? How many is enough..? 
S   Two. 
T1  So we can use the triangle, triangle 2, X, 4. [X is the intersection of the diagonals] 
 
At  the  BSRLM  day  meeting  in  Bristol,  I  presented  this  transcript  to  the 
participants of the session. What attracted their attention was the pre-service teacher’s 
way of presenting the problem. When we try to compare the first lesson with the 
second one we notice that the same pre-service teacher presented the problem in a 
different way. As one of the participants said “I was looking for question marks in 
both transcripts…” In the first transcript there were only two question marks and the Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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questions  were  more  or  less  about  adding  the  missing  words  to  the  pre-service 
teacher’s sentences on how to solve the problem. Right in the first sentence of the first 
transcript  the  teacher  gives  the  instructions  on  how  to  solve  the  problem.  In  the 
second lesson, after posing the problem the pre-service teacher continues with the 
question: “Any ideas?” and then pauses for about five seconds. In this example we 
can  see  development  of  pre-service  teacher’s  awareness  of  students’  thinking  and 
improvement of questioning skills. Initially the students did not arrive at the solution, 
so the pre-service teacher continues asking questions which lead towards the solution 
of the problem.  
After discussion about these two lessons we looked together in the session at 
BSRLM into the transcript of the mentor meeting which happened between those two 
lessons.  
 
Mentor meeting – Slovakia 
AT  You know, try not to tell them everything as it is.   
T1  Uhm.     
AT  [Checking the notes from the lecture ...] And the same for that square. Right? That 
was the square with the little square. 
T1  Right.   
AT  It was a really nice problem.  You said - formula, so we have the square, that was the 
first task you gave them, first… 
T1  Uhm. 
AT  Next, formula for the square, […] have to write down, formula for the square 
[looking at her notes from the observation] formula for the square.  Next, in square 
we have the sides of equal size.  Well, they should have done this if they had seen it 
there. Next, we have to find the length of diagonal - that's another property which 
you told them ... You didn't let them think, you overwhelmed them with the 
information. So we have to find out the length of the diagonal and then the area of 
the square. Actually, you solve the whole problem for them, they were just drawing 
and maybe even not listening to you... 
 
The mentor meeting transcript points out the close-ended approach of the pre-service 
teacher to the problems. One participant at the BSRLM session said: “The mentor did 
exactly the same as what she said to the pre-service teacher not to do.” It is clear that 
the mentor did the most of talking during the meeting with the pre-service teacher. 
Mentor’s  comments  were  mostly  about  mathematics,  how  to  solve  problems  and 
present them to students. This was how the mentor was used to working with pre- 
service teachers. She focused on mathematics concept and how to present these in the 
classroom. The teacher presented different strategies on how to solve the problems, 
but  the  pre-service  teacher  was  passive.  There  was  also  a  lack  of  open  -  ended 
problems in the planning. Both lessons were teacher-centred. Nevertheless the pre-
service teacher changed in line with what was said.  
English case 
Lesson one UK 
 
[Reflecting on the starter projected on the whiteboard shown above.] Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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T2  How would we show any number we put in?  How could we work that out - that it 
always comes to forty-two?  What could we put in right on the top?  Tom. 
  S  An “a”. 
     T2  An “a” or any letter we wanted. Yeah? 
  S  Yeah.… 
T2  OK, what I’d like  to do is continue working on your grids and choosing different 
numbers to put in.  And I want you to keep looking for any patterns that come out. 
But more importantly, I want you to find out why those patterns are there. And if 
they all be there. If you decide it’s a three times three - then the difference is always 
gonna be twenty.  Then, may try to put letters in instead of other numbers and if you 
still get twenty in the end. OK. If you struggling with thinking of numbers put in I 
have got some grids pre-printed this time, so I come around and hand out those as 
well. If you need a hand to put the algebra in, put hands up as well, and I’m gonna 
help you, OK? (stands up in the middle of the classroom) Carry on. 
 
Lesson two - UK   
T2  Can anyone suggest how we might, go … the question giving all the prompts we had 
and all we’ve been doing   yesterday.  
What might we do to try to prove it is always going to be ‘three’? [….]  So, to prove 
it we need to try every single number in the world.  But, as an easier way, we… 
S  Use the algebra… [exited student yell out]    
T2  Heeej. [Teacher is happy about it] We can use algebra, we can use, we can put a 
letter in to represent all those millions and billions numbers and use that to just help 
us to step through and see what happens.   
S  [exited student keep saying the word] the algebra 
T2  What we are gonna do is we gonna to use […] OK, one column we are going to have 
a number we’re gonna to test. [The pre-service teacher used the interactive 
whiteboard to work on the problem, the outcome is shown below]  
 
 
In these two transcripts we can see lessons where the pre-service teacher was 
working on algebra skills. The structures of the lessons were similar. At the beginning 
the  pre-service  teacher  started  with  a  warm-up  activity,  then  introduced  the  main 
investigation part, which was done in groups, and at the end brought the class together 
and tried to share the findings and summarised the lesson. Both transcripts are an 
introduction to the main part of the lesson. In the first lesson, the pre-service teacher 
was presenting an open-ended problem, where students needed to come up with ideas 
themselves and algebraically prove them. During this lesson, the pre-service teacher 
experienced a few behaviour problems which, combined with too lenient instructions, 
led to some students who did not understand what they were supposed to do. He told 
the pupils what they should notice and what they needed to find out and prove it by 
using algebra. In the second lesson, he decided to show the students his expectations 
and before he started the group work he played a game with the class together. In this 
game, the pre-service teacher showed his students how an algebraic proof can be used 
in order to verify a prediction.  Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Mentor meeting UK 
T2  Yeah, I'm just thinking about... wherever I set out more tasks I end up telling them 
what they need to do as opposed to them sort of knowing what they're supposed to be 
doing. Like with this if we've done it a few times, all done altogether two or three 
times. They would over the case they would this is what we did, suppose to do one or 
two on the board even with them doing it on the board. And then say “ok, do some 
more and look for some patterns” It feels like giving them instruction as opposed to 
they are continuing on without me.    
AT  Yeah. 
T2  Because they haven't done anything yet. So, they got know basics gone part what 
they can remember from the discussion we've just had.   
AT  Yes, yes. That is a really good realisation, I think. […..] It is a really good realisation. 
T2  So, really ehmm. […] yeah... Maybe just getting spend sort of...  giving them a 
minute or two to do one, come back, minute or two and come back and then, when 
you've done a few, then let them go and work on their own.   
AT  Yes, yes. 
T2  I think I was trying jump in, jump in the openness. 
 
According to this practice the pre-service teacher recalls the previous lesson 
and is able to think about the “critical” point(s) in the lesson, followed by a proposal 
for an action for improvement. This part of the transcript was from the action points, 
where the pre- service teacher reflected on his practice. Most of the talk is from the 
pre-service teacher. 
Comparison of the two cases 
When we look at the both cases, we can find some differences in how the lessons 
were  structured  and  how  the  mentor  meeting  was  done.  The  Slovak  pre-service 
teacher solved the problems with the classroom and was in the centre during the 
whole lesson. The mentor meeting was more about mathematics concepts. On the 
other hand, the UK pre-service teacher gave more autonomy to the learners by setting 
up group work for an investigation. During the mentor meeting he tried to analyze the 
lesson together with the mentor and three action points were set up by the pre-service 
teacher.  
There are also differences in how the reflection was done during the mentor 
meetings. Being able to reflect on your own practice is a part of the standards of the 
PGCE course. On the other hand, during the Slovak mentoring the talk was mostly 
done by the mentor in a technical rationality way (Neville & Smith 1995) and some 
reflection on action was done by the mentor as well. What is the most interesting is 
that both pre-service teachers did change their teaching practices during the second 
lesson in line with what was discussed in the mentor meeting. They became more 
aware  of  what  happened  in  the  classroom  and  were  more  focused  on  students’ 
learning and understanding. This case comparison supports the idea that the cultural 
practices  are  not  right  or  wrong,  because  the  practices  are  effective  in  their  own 
cultural settings.     
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Paired ITE teaching placements: Implications for partnership development 
Paul Wilson; Julie-Ann Edwards 
University College Plymouth; University of Southampton 
This paper describes outcomes from a project designed to maximise the 
potential of paired placements for secondary mathematics ITE students
1 
We
 explore the development of models for effective pairings and provide 
the rationale for these models. Evidence is offered from interview data 
from paired students, analysed against Maslow’s hierarchy of needs, from 
one of the institutions and from evaluations from paired students from the 
other institution. Practical implications of managing paired placements are 
identified and discussed. 
Keywords: pre-service teacher training, paired placements, team teaching, 
shared classes, collaboration, driver/navigator model  
Background 
In 2007, the Teacher Training Agency (now the Teacher Development Agency, TDA) 
began  a  project  to  develop  and  improve  approaches  to  multiple  placements  in 
secondary mathematics and science (Menendez and Oulton 2007). University College 
Plymouth and the University of Southampton were involved in both the 2007 and 
2008 phases. Prior to our involvement in this project we had each placed some of our 
students in pairs within our respective partnership schools. Many of these pairings 
were effectively two single placements, with two separate teaching timetables, rather 
than a collaborative working relationship. Inevitably, these pairings impacted on the 
students’ learning experiences, though this aspect was not explicitly developed, at the 
time, within our programmes. The Multiple Placements Project (MPP) offered us the 
opportunity  to  evaluate,  more  systematically,  the  impact  of  pairings  on  student 
development and their learning experiences.  
Smith’s (2004) work on models of pre-service teaching placements and the 
work of Sorensen et al (2002), Sorensen (2004) and Sorensen et al (2006) which 
identified the potential benefits arising from students’ paired working were influential 
in  the  initial  development  of  paired  placements  within  our  school  partnerships. 
Smith’s (ibid) model of placement emphasises that both students should contribute to 
paired lessons, regardless of which student is leading the class at the time. He uses the 
analogy of riding a tandem bicycle to illustrate this way of working. The riders may 
alternate and share the responsibility for steering at different times, but both must 
pedal  together  all  of  the  time  in  order  to  make  good  progress.  Sorensen  (2004) 
considered the impact of paired placements and argued that well-managed pairings  
conferred benefits to the students, the pupils they teach, the colleagues they work 
with, and the schools which host the placements. In our study, we sought to examine 
these claims in relation to our respective partnerships. 
                                                 
1 Throughout, we use the term ‘student’ for a pre-service teacher undertaking a one-year secondary 
mathematics Postgraduate Certificate in Education (PGCE) programme, and the term ‘pupil’ for the 
11-18 year-olds in lessons taught by these p re-service teachers. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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In the early stages of the Multiple Placement Project, the partnership schools 
with each of our institutions experimented with models of paired work with classes. 
Amongst the approaches used were:  
•  team teaching; 
•  alternating the lead over a series of lessons or a topic; 
•  designating  one  of  the  students  as  the  lead  teacher  and  the  other  as  the 
teaching assistant for all lessons with a particular class; 
•  alternating the roles of lead teacher and teaching assistant, lesson by lesson; 
•  solo teaching parallel classes in a year group to enable joint planning; 
•  solo teaching widely differently-attaining classes of pupils of the same age, 
then swapping classes half-way through the placement, requiring students to 
exchange  significant  levels  of  information  about  teaching,  learning  and 
assessment of each of these classes. 
The study 
Data  was  collected  from  classroom  observations  and  both  formal  and  informal 
evaluations  of  students’  experiences  of  paired  placements  at  University  College 
Plymouth  and  from  semi-structured  interviews  with  students  at  the  University  of 
Southampton  about  their  experiences  of  paired  placements.  Interviews  were  also 
undertaken  with  University  of  Southampton  mathematics  mentors  of  these  paired 
trainees.  
An  interpretive  analysis  (Denzin  and  Lincoln  2003)  of  the  qualitative 
evaluation  data  and  observations  was  undertaken  at  University  College  Plymouth. 
Similarly, transcribed interview data at the University of Southampton were analysed 
interpretively  using  Maslow’s  (1970)  model  of  a  hierarchy  of  needs.  This  model 
structures human needs in three tiers: physiological and emotional, intellectual and 
aesthetic, and meta-cognitive self-realisation and transcendence.  
Maslow associated these needs with both the personal and professional lives 
of  individuals.  In  the  analysis  described  here,  only  the  professional  aspects  are 
reported, for ethical reasons. At the lowest tier (physiological and emotional), Maslow 
considered  professional  aspects  to  be  related  to  the  sense  of  security  and  to  the 
individual’s need to be acknowledged. At the second tier, students’ professional needs 
are more evident in the need for knowledge and understanding, an essential factor for 
the development of students’ teaching skills.  
 
 
Figure 1. Maslow’s hierarchy of needs. 
(From: Ventegodt, S, J. Merrick & N. Andersen
 
2003) 
Also at level two, aesthetic needs in using knowledge and creative talents in 
productive endeavour relate directly to the work of teaching. For the highest tier, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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abstraction of the previous needs to understand the self sufficiently to recognise the 
contribution  that  the  individual  is  able  to  play  in  the  immediate,  and  wider, 
community, lends itself to students’ understanding of the quality of self-reflection 
required to develop effectively as teachers.   
Findings 
During the first phase of the MPP (2007), a strong consensus emerged within the 
University  College  Plymouth  partnership  for  working  with  the  same  designated 
student lead and student support teacher for all lessons with a particular class. By the 
time the project moved into its second phase (2008), common practices in allocating 
classes to students had emerged across the partnership.  This led to the development 
of the driver-navigator model, discussed later, to explain the partnership’s approach 
to  collaborative  work.  In  contrast,  the  University  of  Southampton  partnership 
reflected a lack of consensus about a particular model of practice. Ways of working 
evolved around the particular personalities of the students involved in the pairing. 
Whilst the driver-navigator model was evident in a few schools, and the alternation of 
these roles lesson-by-lesson in other schools, some of the pairings opted to develop a 
shared leadership role in which both students had equal responsibility for steering the 
lesson, though the timing of this was sometimes allocated sequentially between the 
students.     
 From  classroom  observations,  we  found  that,  in  classes  where  the  lead 
alternated between the two students, whether over a series of lessons or lesson-by-
lesson, pupils tended to defer to the student they perceived to be the stronger, rather 
than the student who was leading the lesson at a particular time. This feature was less 
evident in classrooms where students shared the lead.  
We now turn to address three general areas related to partnership models of 
paired placements: compatibility of the paired partners, the balance of paired and solo 
teaching, and mentor support.  
Compatibility of paired students 
Evaluations from University College Plymouth students, both formal and informal, 
identified  compatibility  of  the  paired  partners  as  the  most  important  factor  in  the 
success of a pairing. This finding was echoed in the interview data at the University 
of  Southampton  and  was  unrelated  to  the  strength  of  each  student  as  a  potential 
teacher. Indeed, a strong student reflected on her paired experience with a weaker 
student (who subsequently withdrew from the programme), indicating that the pairing 
had forced her to focus her reflective practice more efficiently. She believed that it 
was  this  process  which  enabled  her  to  complete  the  programme  with  the  highest 
grading against the Standards for the award of Qualified Teacher Status (TDA 2008).     
In assigning pairings to partnership schools, we rejected the argument that, 
since pre-service teachers are required to work collaboratively with colleagues under 
the  new  QTS  Standards,  careful  matching  of  pairings  is  only  an  important 
consideration where there is a significant lack of empathy. We believed that students 
often feel particularly vulnerable on teaching placements, and fundamentally more 
vulnerable  than  established  teachers.  The  interviews  confirmed  this  assertion, 
suggesting  that  security,  belongingness  and  esteem  were  essential  elements  for 
students to begin to establish themselves as developing teachers. One student said that 
one of the benefits of experiencing a paired placement was having “someone to share 
problems in a very similar situation because experienced teachers are very different”. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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There  was  unanimous  agreement  amongst  the  students  that  being  with  someone 
experiencing  the  same  situations  had  a  positive  effect  on  their  engagement  with 
teaching. The term “in the same boat” recurred throughout the interviews, in reference 
to shared experiences. 
One of the factors the University of Southampton takes into account, when 
assigning  pairings,  is  the  logistics  of  travelling  to  schools.  We  may  place  two 
compatible students together, one of whom is able to transport the other to the school. 
Such pairings reported the benefits of being able to overcome nerves on the journey to 
school and ‘off-load’ about disappointments/issues/frustrations on the journey home. 
They asserted that this enabled them to concentrate more efficiently on planning for 
the next day (while sharing the financial burden of travelling to placements), thus 
supporting Maslow’s claim that unless the lower level human needs of security and 
belongingness  are  met,  humans  will  be  unable  to  develop  their  potential  as 
effectively.  Some  of  the  pairings  indicated  that  the  professional  relationship 
established  in  an  early  pairing  was  maintained  throughout  the  duration  of  the 
programme,  even  when  in  solo  teaching  placements.  For  these  students,  the 
importance of belongingness provided a fundamental basis upon which to develop as 
teachers. We have anecdotal evidence of these supportive professional relationships 
extending into the early years of teaching. 
In  comparison  with  solo  placements,  other  benefits  of  paired  placements 
identified by students, at Maslow’s level one, included being able to adapt to a new 
environment  more  easily,  and  quickly  establishing  professional  relationships  with 
experienced  teachers,  both  within  the  mathematics  department  and  in  the  wider 
school.  Organisation,  record-keeping  and  necessary  paperwork  were  also 
acknowledged, by both students and mathematics mentors, as being more efficient 
because of the pairing of students. Working closely together often required students to 
‘think on their feet’, thus developing higher level teaching skills, representing needs 
at Maslow’s level two.  
Balance of paired and solo teaching 
Our partnerships took the view that, for students to derive the most benefit from a 
pairing, they should feel able to operate as critical friends, confident to trust and 
confide in each other in a positive and receptive manner. Students’ reflections on their 
experiences of paired placements, recorded in interviews, suggest that these students 
develop  a  mutually  respectful  relationship  which  supports  their  security  needs  at 
Maslow’s level one. One student reported her experience of working in a shared lead 
situation in the classroom: “Sometimes in the classroom, you think ‘Oh, what am I 
going to say now?’ and the other one steps in and automatically takes over.”  
It is in the role of critical friends that Maslow’s level two needs are most 
evident. Students described situations in which their developing knowledge of each 
other’s strengths and weaknesses enabled each to understand better what they needed 
to do in order to improve their own skills as a teacher. These processes impinge on 
Maslow’s level three needs because students are beginning to reflect on knowledge 
and understanding in order to know themselves better.   
Being able to mutually plan lessons and closely observe each other in the 
implementation  of  these  plans  in  the  classroom,  allowed  students  to  distinguish 
benchmark progress points towards the QTS Standards. Maslow’s level two needs 
were further demonstrated in their accounts of how their exchanges of information 
about classes reflected what each of the students needed, rather than what experienced Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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teachers offered them. Here, we reiterate what we asserted earlier, that students feel 
vulnerable on teaching placements, and this mutual level of communication supports 
their confidence in being able to access the necessary information at appropriate times 
in their development of teaching skills.  
Alongside the idea of students working as critical friends, our partnerships 
also reflected a strong view that the students should have a distinctive element of solo 
teaching, in preparation for the solo teaching that will be expected of them in their 
first year of teaching. Both our partnership guidance recommends that every student 
should have sole responsibility for at one least class in every placement and offers 
several different models of allocation of classes.  
Mentor support 
To address concerns about extra load, in terms of time and energy, being placed on 
mathematics  mentors,  the  University  College  Plymouth  partnership  suggests  a 
‘sandwich’ model for joint tutorials with students: 
 
Student A 
10 mins 
Students A &B 
40 minutes 
Student B 
10 mins 
 
The partnership developed guidance for mentors and students including an 
outline  of  the  driver-navigator  model,  a  development  of  Smith’s  (ibid)  tandem 
bicycle  model,  emphasising  the  importance  of  both  partners  taking  active  and 
collaborative responsibility for the lesson. Important elements of paired work are also 
identified as:  
•  Shared responsibility for planning for the class; 
•  Clearly defined roles for each of the paired partners; 
•  Collaborative planning as part of the planning and evaluation cycle 
(including roles and responsibilities in feeding back);   
•  Development of assessment approaches (the navigator has a major role 
in assessment of learning); 
•  Agreed peer-evaluation mechanisms. 
Support  for  mathematics  mentors  who  are  supervising  paired  placements 
within the University of Southampton partnership is generated through mutual mentor 
support structures embedded in formal mentor training meetings. This allows for the 
proliferation of models of working identified earlier.  
Summary 
During  the  course  of  the  MPP  our  experiences  have  highlighted  several  practical 
considerations affecting the management of paired placements. The first is the careful 
construction  of  the  pairings,  based  on  mutual  empathy,  trust  and  confidence.  We 
recognise  a  continuum  of  collaborative  practice  across  different  pairings,  ranging 
from mutually supportive, but essentially ‘solo’, placements, to the driver-navigator 
partnership  model,  and  including  situations  where  the  classroom  lead  is  mutually 
shared. A strategic outcome of the MPP is the identification of the need for students 
to have specific preparation, training and support in developing their paired practice. 
Given the focus on preparing students to be the sole teacher of a class, it is unwise to 
assume that students will adapt these solo teaching approaches for their paired work 
without targeted support. Both our institutions are actively addressing this need. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
From Informal Proceedings 29-2 (BSRLM) available at bsrlm.org.uk © the author - 87 
 
In support of Sorensen’s (2004) claims, our evidence from evaluations and 
interviews also suggests that collaborative placements offer substantial benefits for 
pupils, students and schools. Students (and mathematics mentors) indicated that a 
student pair provides pupils with more individual attention; there is more expertise in 
the  classroom  for  pupils  to  draw  upon,  and  classroom  management  is  improved. 
Students  benefit  from  mutual  support,  both  emotional  and  professionally 
developmental.  Classroom  observations  of  students  indicate  that  risk-taking  is 
increased, both in the paired situation and solo placement, if this is subsequent to the 
pairing. Students reported in interviews that the pairing offered them the security to 
step out of the ‘known’ and explore situations that they might not have explored on 
their own. We argue that this allows them to engage with needs at Maslow’s level 
three, thus enabling them to access knowledge about themselves that is necessary for 
greater developmental progress as teachers.  
In both the evaluation evidence and interview evidence, students supported 
this claim, indicating that the emphasis on the collaborative practice and the degree of 
reflection required of them had benefits for their individual professional development. 
Both  mathematics  mentors  and  professional  (cross-subject  whole  school)  mentors 
similarly reported benefits to the mathematics department and the school as a whole. 
These  benefits  were  represented  by  the  development  of  stronger  collaborative 
working  relationships  amongst  experienced  teachers  in  mathematics  departments, 
more sharing of information about teaching styles between experienced teachers, and 
allowing  schools  to  effectively  manage  out-of-school  visits  which  may  not  have 
previously been possible. 
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BSRLM Geometry working group: Geometrical reasoning in the primary 
school, the case of parallel lines  
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During  the  primary  school  years,  children  are  typically  expected  to 
develop  ways  of  explaining  their  mathematical  reasoning.  This  paper 
reports on ideas developed during an analysis of data from a project which 
involved young children (aged 5-7 years old) in a whole-class situation 
using dynamic geometry software (specifically Sketchpad). The focus is a 
classroom episode in which the children try to decide whether two lines 
that  they  know  continue  (but  cannot  see  all  of  the  continuation)  will 
intersect, or not. The analysis illustrates how the children can move from 
an empirical, visual description of spatial relations to a more theoretical, 
abstract  one.  The  arguments  used  by  the  children  during  the  lesson 
transcend empirical arguments, providing evidence of how young children 
can be capable of engaging in aspects of deductive argumentation. 
Keywords: mathematics; geometry; primary school; elementary school; 
ICT; technology; teaching; parallel lines; reasoning; argumentation; proof 
Introduction 
Across the world, a common aim of primary/elementary school mathematics is to 
provide  a  foundation  for  proof  and  proving  through  children  being  expected  to 
develop ways of explaining their mathematical reasoning. Such learning is fostered as 
children  move  into  middle  school/lower  secondary  school,  with  deductive  proofs 
typically being introduced when children are 13-14 years old. What remains a central 
question for research in this area is how best to develop children’s explanations in a 
way that appropriately supports their growing understanding of the nature of proof 
and proving in mathematics (Stylianou, Knuth and Blanton, 2009).  
This paper reports on ideas developed during a consideration of data from a 
project which involved young children (aged 5-7 years old) in a whole-class situation 
using dynamic geometry software (specifically Sketchpad). The focus for this paper is 
a classroom episode in which the children try to decide whether two lines that they 
know  continue  (but  cannot  see  all  of  the  continuation)  will  intersect,  or  not.  The 
episode relates to two important, and growing, areas of research in primary school 
education:  first,  the  nature  of  proof  and  proving  in  the  elementary  grades,  and 
secondly the development of understanding of spatial relations in the early years of 
school. These areas of research are summarised in the two sections that follow. These 
summaries are followed by an account of the selected classroom episode, analysed in 
terms of discursive features that mark the children’s transition from an empirical, 
visual description of spatial relations to a more theoretical, abstract one.  
Research on young children and proof 
Research has pointed to the abrupt transition that children can encounter as they move 
from primary school, where proof can be absent, to secondary school mathematics, Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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where it becomes more of a central concern (Balacheff, 1988; Ball et al., 2002; Jones 
and Rodd, 2001; Sowder and Harel, 1998). In order to mitigate the effects of this 
abrupt transition, several researchers have argued that proof should begin in the early 
grades, not just in geometry, but also in arithmetic (Bartolini-Bussi, 2009; Stylianides, 
2007; Stylianou et al, 2009). Further, there is growing evidence that young children  
can be capable of engaging in deductive reasoning and proving (Carpenter, et al., 
2003; Galotti et al., 1997; Light et al., 1989; Maher and Martino, 1996).  
What it means to engage in ‘proving’ requires some explanation, as Jahnke 
(2007) notes, since a proof must depend on the concept of a theory. For Bartolini-
Bussi (2009: 53), in the primary school, theories are “germ theories” that are “based 
on empirical evidence, with expansive potential to capture more and more principles.” 
In  other  words,  an  experimental  approach  does  not  necessarily  work  against  the 
production of general methods and the construction of mathematical proofs. Bartolini-
Bussi argues that proving in the early years depends on the teacher being able to lead 
children from an experimental activity, through discussion, towards general methods 
and justification, in order to nurture a theoretical attitude.  
In a somewhat different approach, Stylianides (2007) argues that proving in 
the primary grades should satisfy two principles: (a) what he calls the intellectual-
honesty principle - the conceptualization that primary school geometry, for example, 
should  be  “honest  to  mathematics  as  a  discipline  and  honoring  of  students  as 
mathematical learners” (p. 1); and (b) what he calls the continuum principle - that 
there should be continuity in this conceptualisation across the different grade levels. 
Using a case study example, Stylianides draws parallels between a Grade 3 child’s 
argument  and  Balacheff’s  (1988)  notion  of  a  “thought  experiment”  which  is  the 
highest  level  of  Balacheff’s  hierarchy  of  arguments  (and  which  transcends  the 
empirical  arguments  that  are  used  in  lower  levels).  Here  it  is  worth  noting  that 
Balacheff’s  “thought  experiment”  describes  not  only  proof,  but,  perhaps  more 
broadly, argument:  
The thought experiment invokes action by internalizing it and detaching itself 
from  a  particular  representation.  It  is  still  coloured  by  an  anecdotal  temporal 
development,  but  the  operations  and  foundational  relations  of  the  proof  are 
indicated in some other way than by the result of their use. . . (p. 219)  
Research on young children and parallel lines 
As Bryant (2009: 9), confirms, children’s spatial understanding begins early; certainly 
before the start of formal schooling. By five, according to Bryant, children can take in 
and remember the orientation of horizontal and vertical lines very well. In contrast, at 
this age, children have considerable difficulty in remembering either the direction or 
slope of obliquely-oriented lines. Yet, the research summarised by Bryant indicates 
that if there are other obliquely oriented lines (in the background) that are parallel to 
an oblique line, the children’s memory of the slope and direction for the oblique line 
improves dramatically. It seems that children can use the parallel relation between the 
line that they have to remember and stable features in the background framework to 
store and recognise information about the oblique line.  
Bryant concludes that younger children probably perceive and make use of 
parallel relations without necessarily being aware of doing so. The implication for 
teaching  is  that  a  key  task  for  the  teacher  is  to  transform  the  children’s  implicit 
knowledge  of  parallel  lines  into  explicit  knowledge.  A  goal  of  the  teaching 
experiment reported in this paper was to make children’s implicit knowledge more Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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explicit by inviting them to reason about the relationships between lines. Further, in 
keeping with the emphasis on proof and argument in the early years of school, the 
project  followed  Bartolini-Bussi  in  designing  classroom  tasks  that  would  start 
experimentally but then provide an opportunity for nurturing a theoretical attitude.  
An elementary school classroom episode on parallel lines 
The classroom episode analysed in this paper comes from work with Grade 1 and 
Kindergarten children (aged 5-6) at a pre-K-6 (nursery) University Laboratory school 
(a school model informed by the original Laboratory School run by John Dewey at 
the University of Chicago). The school was in an urban area (rated as middle socio-
economic  status,  SES).  There  were  22  children  in  the  class  from  diverse  ethnic 
backgrounds and with a wide range of academic attainment (25% being special needs 
learners). The project entailed working with the children for three days on a selection 
of  geometry  topics,  each  involving  the  dynamic  geometry  package  Sketchpad 
(Sinclair and Crespo, 2006). Each lesson lasted 30 minutes and was conducted with 
half the class at a time. The children were seated on a carpet in front of a large screen, 
with two researchers, and the class teacher, present. The first author conducted the 
lessons. Each lesson was videotaped and transcribed. The lesson presented in this 
paper focused on conceptualising intersecting and parallel lines. The children had 
already had two previous lessons involving the dynamic geometry package Sketchpad 
but had not previously received any formal instruction relating to lines, intersections, 
or the notion of parallel lines. 
The lesson began the children being shown several examples of pairs of lines, 
where  some  intersected  and  others  did  not.  In  talking  about  these  examples,  the 
children described the former as “touching,” and were offered the more technical 
word  “intersection”  which  they  immediately  connected  to  roads  crossings  -  and, 
interestingly, cars crashing. The children were then shown two lines that were non-
parallel but that did not intersect on the screen (see Figure 1). When asked whether 
the lines make an intersection, most children responded “no.” After a few seconds, 
one boy said “Oh yes they do.” Several students began talking at once, and one said, 
“Because they go out of the screen.” So the instructor  adjusted the screen image 
enough to make the intersection visible.  
 
Figure 1: A non-visible intersection 
The instructor then dragged the lines even further apart, so that the intersection 
was again not visible. This time most children said that the lines would intersect. 
Then  a  few  said  that  they  wouldn’t.  Jamie  (all  names  are  pseudonyms)  added, 
“Because they are too far apart.” Other children hedged; “I think they might” said 
one. 
Given the lack of consensus, the instructor probed further. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Instructor:   Can we make some theories about why the lines might intersect? 
Robert:   Because it’s tilting [referring to the red – upper – line]. 
Zeb disagreed: “The lines, um, can’t meet at the edge of the screen because 
they are too far apart and they can’t just like suddenly just have a straight line going 
down and meet”. Then Jamie seemed to change his mind: 
Jamie:    Cause they are going like this [tracing with his index finger two 
lines coming together].    
Instructor:   But do you think they would ever meet? 
Jamie:    Yes, because they are both slanting and the red one is slanting 
toward the blue one.  
Natasha agreed with Jamie, but neither argument seemed to convince Robert:  
Natasha:   It’s going to always connect somewhere because the red one is 
slanting so it’s going to connect somewhere over here [pointing 
toward the outside right of the screen]. 
Instructor:    Even if we can’t see it, it’s going to connect, intersect somewhere 
over here? 
Robert:   I think it’s never going to intersect 
Instructor:   Why? 
Robert:   Because I just do. 
Instructor:   What do you think about the theory that the red is slanting more 
and more toward the blue? 
Robert:   (Standing up) But the blue is also going like this [using hands and 
arms to show that both lines are slanting]. 
Instructor:   Oh I see; interesting. So the blue is slanting too. 
Robert:   As long as both…., the red’s going down, the blue’s going down 
beside it so the line can’t just go like that [bringing his hands 
together, curving the top one down to touch the bottom one] and 
then intersect. 
The instructor returned to a configuration where the intersection is visible and 
showed how both the lines can slant. Then Natasha offered a different reason: 
Natasha:   But it’s always going to slant because right there [pointing to the 
left on the screen] that’s how thick it was so it’s always going to 
slant.  
When prompted to repeat her ‘theory’, Natasha said, “because there [hand 
positioned so that her index finger and thumb were a certain distance apart] isn’t the 
same thickness and it’s going to intersect because it always gets smaller.” Natasha 
came to screen and put her index finger on the red line and her thumb on the blue and 
moved toward the intersection, showing how the separation decreased between her 
index finger and thumb.  
The  instructor  then  dragged  the  lines  to  make  the  intersection  non-visible. 
Jamie explained why the lines will intersect: “Because the red one is slanting enough” 
[he  gets  up  to  trace  to  lines  off  the  screen  and  create  their  intersection  with  his 
fingers]. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
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Discussion 
At the outset, the children’s geometric discourse is about shapes immediately visible 
to their visual field. So, for example, “line” is a linear segment drawn on the screen. 
This evolves into an unbounded process that leaves a linear trace, as can be seen in 
the way the children begin to talk about “they are going like this” and “the red one 
going  down”  and  the  “red  one  slanting  more  and  more.”  This  change  may  seem 
marginal at first, but it marks a significant leap from the geometric discourse of those 
who are captives of their visual field and speak about static visible objects, to the 
discourse of possibilities (hypothetical things: “it’s going to connect somewhere other 
here”) and abstract objects (the point of intersection) resulting from reified processes. 
The role of the instructor is crucial in bringing about the change in discourse, 
not only in terms of the manipulating of the lines - which go from having visible, to 
invisible,  intersections  -  but  also  in  terms  of  modelling  the  new  discourse.  The 
questioning  begins  with  “do  the  two  lines  meet?”  and  then  turns  into  a  more 
hypothetical formulation about “why they might intersect” - the former being about 
the static, visible lines and the latter going beyond the here-and-now, implying that 
the ‘line’ is not just what is contained in one’s visual field. This discursive shift is 
evident in Natasha’s statement “It’s going to always connect […] so it’s going to 
connect  somewhere  other  there,”  which  involves  a  hypothetical,  dynamic  way  of 
talking. The instructor reinforces this way of talking when asking “Even if we can’t 
see it, it’s going to connect, intersect somewhere over there?” and when re-voicing the 
children’s dynamic description that “the red is slanting more and more toward the 
blue.” 
Toward  the  end  of  the  classroom  episode,  the  children  use  the  word 
‘intersection’ to describe a place where two lines meet, but this place no longer needs 
to be visible - indeed, the children show awareness that they do not even need to find 
where the intersection actually is. Two new gestures are introduced by the children, 
that of the extending of the lines using one’s arms, and that of the ‘thickness’ (the 
separation)  between  the  lines –  the  latter  represented  as  the  distance between  the 
thumb and the forefinger. What is more, two new ways of finding out whether two 
lines intersect are offered by the children: one involves focusing on the slanting of the 
two lines, and, particularly, whether one of the lines slants ‘enough’, while the other 
involves looking at the changing separation of the lines. 
Concluding comments 
In the classroom episode analysed in this paper, the children were being asked to 
come up with a method whereby they could predict whether two lines might intersect. 
Although  not  explicitly  about  parallel  lines  (though  the  word  was  eventually 
introduced to describe lines that the children argued would not intersect), their task 
involved  analysing  the  relation  between  lines,  and  characterising  the  difference 
between lines that intersect and lines that do not - a characterisation that forms the 
basis for the definition of parallelism. Natasha and Jamie both offer arguments that 
qualify as thought experiments, in Balacheff’s sense. The ability of the students to 
internalize and detach seems to be mediated by the dynamic sketch they used first to 
experiment with lines and then engage in hypothetical events and relations. Overall, 
the analysis illustrates how young children can be capable of transcending empirical 
arguments and engaging in aspects of deductive argumentation. Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
From Informal Proceedings 29-2 (BSRLM) available at bsrlm.org.uk © the author - 93 
 
Acknowledgements 
Discussion of the ideas presented in this paper took place at the BSRLM conference 
held on 20 June 2009 and benefited from the active participation of a number of 
members of BSRLM. The views expressed in this paper are those of the authors and 
do  not  necessarily  reflect  those  of  the  BSRLM  members  who  took  part  in  the 
conference session. 
References 
Balacheff, N. 1988. Aspects of proof in pupils’ practice of school mathematics. In D. 
Pimm (ed.), Mathematics, Teachers and Children. London: Hodder and 
Stoughton. (pp. 216–235). 
Ball, D.L., C. Hoyles, H.N., Jahnke, and N. Movshovitz-Hadar. 2002. The teaching of 
proof. In L.I. Tatsien (ed.), Proceedings of the International Congress of 
Mathematicians. Beijing: Higher Education Press, Vol. III, pp. 907–920. 
Bartolini-Bussi, M. 2009. Proof and proving in primary school: an experimental 
approach. In Fou-Lai Lin et al (eds) Proceedings of the ICMI Study 19 
Conference: Proof and Proving in Mathematics Education. Taipei, Taiwan: 
National Taiwan Normal University. Volume 1, pp 53- 58. 
Bryant, P. 2009.  Understanding Space and its Representation in Mathematics. 
London: Nuffield Foundation. 
Carpenter, T.P., M.L. Franke, and L. Levi. 2003. Thinking Mathematically: 
Integrating Arithmetic and Algebra in Elementary School. Portsmouth, NH: 
Heinemann. 
Galotti, K.M., Komatsu, L.K., and Voelz, S. 1997. Children’s differential 
performance on deductive and inductive syllogisms. Developmental 
Psychology. 33(1): 70-78. 
Jahnke, H. N. 2007. Proof and hypotheses. ZDM - The International Journal on 
Mathematics Education. 39: 79–86. 
Jones, K. and M. M. Rodd. 2001. Geometry and proof. Proceedings of the British 
Society for Research into Learning Mathematics. 21(1): 95-100. 
Light, P., A. Blaye, M. Gilly,. and V. Girotto. 1989. Pragmatic schemas and logical 
reasoning in 6- to 8-year-old children. Cognitive Development. 4: 49-64. 
Maher, C.A. and A.M. Martino. 1996. The development of the idea of mathematical 
proof: A 5-year case study. Journal for Research in Mathematics Education. 
27: 194–214. 
Sinclair, N. and S. Crespo. 2006. Learning mathematics in dynamic computer 
environment. Teaching Children Mathematics. 12: 437-444.  
Sowder, L. and G. Harel. 1998. Types of students’ justifications. The Mathematics 
Teacher. 91(8): 670–675. 
Stylianides, A.J. 2007. The notion of proof in the context of elementary school 
mathematics. Educational Studies in Mathematics. 65: 1–20. 
Stylianou, D., E. Knuth, & M. Blanton (Eds.). 2009. Teaching and Learning Proof 
across the Grades: a K-16 perspective. New York, NY: Routledge. 
BSRLM geometry working group 
The  BSRLM  geometry  working  group  focuses  on  the  teaching  and  learning  of 
geometrical ideas in its widest sense. Suggestions of topics for discussion are always 
welcome. The group is open to all. See: www.bsrlm.org.uk/workinggroups.html Joubert, M. (Ed.) Proceedings of the British Society for Research into Learning Mathematics 29(2) June 2009 
From Informal Proceedings 29-2 (BSRLM) available at bsrlm.org.uk © the author - 94 
 
Working group on trigonometry: meeting 2 (Cambridge, February 2009) 
Notes by Anne Watson   
 
Department of Education, University of Oxford 
These notes record the discussion at the second meeting of this working 
group. The focus was on the fundamental ideas involved in trigonometry 
and a programme of work was devised.  
Keywords: angle, ratio, similarity, trigonometry 
Angle measurement as arc length 
Sarah Aldous talked about using a different approach to measuring angle with 
her students, after reading Thompson, Carlson and Silverman’s paper (2007). This 
approach  depends  on  expressing  angle  as  an  arc-length,  a  multiple  of  the  radius. 
Thompson et al. suggest that this approach results in the angle and sine/cosine all 
being in the same units, so that expressions such as sin(sin x) can have meaning, 
while preserving the notion of angle as ‘turn’. Her students used string to measure 
angles rather than protractors, and this had to be done on a large scale.  
 
 
 
We discussed whether students would appreciate that the multiple would be 
the same for every radius, and Sue Elliott suggested that students could be ‘tied’ to a 
rope at various points and then, keeping the rope taut, act out the turn.  They would 
have a sense of the distance they had to travel, and also that this increases with the 
radius. This could avoid the common misconception that angle size depends on the 
length of its legs. 
In this measure system, the right-angle has no obvious value. This could be a 
disadvantage  because  right  angles  are  what  students  are  most  familiar  with  from 
everyday life, and also will have already ‘named’. Other than introducing π, which 
seems too complicated at this stage, and radian measure we could not think of a way 
round this problem but it does explain why we need various ways to measure angles, 
since 360º appears to have been adopted historically as a measure of full turn because 
it gives a way to express many different angles precisely (and roughly equates to a 
year’s worth of days). 
Intuitive static understanding of angle 
This led us to consider circumstances in which one might need to understand 
angle so that teachers can draw on students’ experience of them. We generated a 
rather short list which seemed to fall into two groups: those involving rotation and 
those involving ‘angle subtended’. We decided to think about ‘angle subtended’, a 
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static notion of the pointiness of angle, as an embodied notion arising from the way 
we see things, that is as a measure of optical scope. This appears not to relate to turn, 
since when we look at things we do not normally scan our heads from left to right 
extremities of the object, nor even our eyes. 
We devised an experiment, lining up three paper rectangles vertically on a 
desk.  The rectangles were A4, A5, and A6 in size, and hence similar. One of the 
group then observed these and we adjusted their position until he saw them as ‘the 
same’. His actions and words indicated a static cone-shaped experience of ‘looking’ 
which  we  recognise  mathematically  as  embodying  similarity,  and  depends  on  the 
ratios of different aspects. 
Ratio as the starting point for trigonometry 
This led to the suggestion of thought experiments in which ratio is taken to be 
the fundamental starting point for trigonometry, rather than angle-measure. Thus one 
might start with triangles which are in proportion and not even mention angle while 
the trig functions are being established, only later recognising that they can be used to 
define and give values for the relevant angles. 
With this approach, the key idea is ratio encapsulated as scale factor. This, of 
course, is a central idea in lower secondary mathematics signalling important shifts 
from  additive  to  multiplicative  views  of  number,  from  multiplication  as  repeated 
addition to multiplication as scaling, and from dealing with quantities to dealing with 
relations between quantities. A related idea would be to teach spatial enlargement 
separately from other transformations because it relates to closely to these key ideas, 
rather than ghetto-ise it with other transformations. 
It occurred to us that, because the ideas in the previous paragraph are all hard 
to  teach  and  hard  to  learn,  the  pedagogic  reasons  for  reducing  trig  to  mnemonic 
mechanisms for finding missing properties of triangles are all-too-obvious. 
Programme of work 
A programme of research work was devised to be carried out before the next 
BSRLM meeting in Bristol on June 20th.  
Group members volunteered to: 
•  Read about the historical roots: Thales, Euclid, Euler etc. 
•  Locate and send out the old MA report on the teaching of trigonometry 
•  Investigate further our awareness of similarity 
•  Send brief questionnaire to a range of schools asking about teaching 
approaches to trigonometry 
•  Carry  out  small  teaching  experiments  with  a  ratio  approach  to 
classifying  angles,  drawing  on  work  done  by  Jeremy  Burke  and 
colleagues. 
Plans 
We shall review some of this work at the next BSRLM meeting.  This is an 
open group and all are welcome to join.  If you would like copies of previously-
circulated readings please contact anne.watson@education.ox.ac.uk. 
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Working group on trigonometry: meeting 3  
Notes by Anne Watson   
 
Department of Education, University of Oxford 
These notes record the discussion at the third meeting of this working 
group. The focus was on feedback from tasks undertaken since the last 
meeting.  
Keywords: angle, ratio, similarity, trigonometry, parallel, lesson planning 
First lessons on trigonometry 
Anne  Watson  had  surveyed  local  teachers  asking  them  about  their  first 
trigonometry  lessons.  She  had  analysed  the  replies  and  found  several  distinct 
approaches: similarity (students are offered a collection of triangles with a fixed angle 
and  divide  measured  sides);  functional  (angle  changes  and  one  side  changes); 
multiplier (angle changes with unit radius); combinations (discover from a mix of 
angles and ratios); technical (here is how to find missing values). She found that 
asking what was on the board and what language was emphasised indicated (a) the 
underlying belief about what is important in trig and (b) whether the teacher wanted a 
sense of closure to the lesson or was happy to leave things a bit loose. Some reported 
that the first lesson is a kind of hurdle to help learners feel; comfortable with the 
ideas, while others wanted to end with formulae, or SOHCAHTOA, or a labelled 
image of an appropriate triangle. 
Colin Foster then reported his experiment with a first lesson. He had taken a 
gentle pace leaving ‘lots of air’. He had obtained Jeremy Burke’s outline plans, which 
start by establishing angle as a key object, but was unable to use them because of lack 
of  computer  access.  Instead,  students  cut  out  a  collection  of  differently-oriented 
similar right-angled triangles. Cutting gave them a sense of the same angles.  They 
were then asked to sort them. Some tried to fit them together to make a shape; others 
tried  to  lay  them  out  in  a  line  in  order  of  size;  others  stacked  them  in  the  same 
orientation. Deciding that they could turn triangles over and they were still ‘the same’ 
was non-trivial for some. When they saw, excitedly, that they were ‘all the same’ he 
asked them what that meant. Some measured lengths, or differences in lengths, but 
interestingly stacking and lining up did not necessarily mean they had internalised the 
sameness of the angles, since some students had to measure them to find this out. 
Students also tried adding angles and adding side lengths. It was hard to talk about 
‘sameness’ and Colin introduced the notion of ratio himself since dividing is not a 
natural thing to do. Students then wondered why 0.7 appeared frequently. 
We discussed the importance of intuitive understandings of ‘parallel’. This 
manifests an awareness that even very young children have: extending straight lines 
maintains direction. This appears in some of the ways they sorted their triangles. 
Division is a non-obvious way to articulate the sense of sameness. Colin was 
happy to focus on moving towards this, but some students asked him ‘are we going to 
do SOHCAHTOA?’, having heard this idea elsewhere. In discussion we agreed that 
an imposed need to have a single lesson objective is unhelpful when the teacher wants 
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to  the  ideas  in  trigonometry.  We  recalled  a  participant  saying  that  is  his/her 
experience trigonometry is not taught as a separate topic, but arises as a set of tools in 
various mathematical and other contexts, focusing on ratio and informal awareness of 
angle: doors opening, stairs rising, etc. The problem is how students can move from 
the application of ratio in particular cases to the formal appropriation of trigonometric 
methods as tools for other situations. 
One fundamental question about teaching trigonometry is whether measuring 
to get lengths to calculate with is misleading. In this lesson, the invariance of tan 35 is 
not measurable. Do we give students the impression that mathematical invariants can 
be found empirically? The aim is to draw students’ attention to ratio, not to lines and 
angles  as  separate  elements.  There  is  a  choice  between  what  is  pedagogical 
(measuring and dividing) and what is mathematical (comparison; invariant ratio).  
Sorting questions 
A set of 12 typical questions that might be used in teaching trigonometry was then 
examined. We took a critical look at each question, wondering whether we would use 
them at all. Rather than repeat the details here we merely list the issues that arose: 
•  The questions over-emphasised the kinds of things that might be asked in an 
examination,  for  example,  one  that  was  about  giving  answers  correct  to  a 
certain number of figures and another about mis-orientating the triangle – we 
favoured incorporating these issues into tasks that were more about concepts. 
•  Learners have to read diagrams: e.g. locate right angles, assume straight lines. 
•  We preferred tasks that could be extended towards more challenging aspects 
of trigonometry and non-routine examples. 
•  One task asked students to show that 4x + 3y = 12 from a right-angled triangle 
and its ratios. We liked the combination of concepts, but wondered whether 
the need to manipulate algebraic expressions might be a distraction. To prove 
the result involves setting up ratios and equalities so there would be some 
engagement with fundamental trig concepts. 
•  Can we construct pivotal tasks affording engagement with key ideas in trig?  
Programme of work 
•  Historical roots of trigonometry. 
•  Awareness of similarity: In our second meeting we suggested that this could 
arise from the way we look at objects which are at various distances from us, 
and also from a dynamic sense of growth. 
•  Hypothetical learning/teaching trajectory to articulate the difficulties learners 
may  have  moving  from  perimeter/diagonal  considerations  in  polygons  to 
circumference/diameter relation for circles. 
We  shall  review  some  of  this  work  at  the  next  BSRLM  meeting  on  14
th 
November.  This is an open group and all are welcome to join.  If you would like 
copies of earlier readings please contact anne.watson@education.ox.ac.uk. 
 
 